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Abstract 
 
Acute ischemic disorders such as myocardial infarction and stroke are the main cause of 
death in modern world. Therefore, methods to detect them early or evaluate their precursors 
would be of great importance. Change in arterial stiffness, or rigidity of the wall, is a very 
important risk factor in cardiovascular diseases. It is believed that stiffness abnormalities 
start to form before any apparent clinical indication of the disease. Having an efficient, 
noninvasive tool to measure arterial stiffness would be of great significance in prevention 
of arterial disorders such as atherosclerosis or determining their severity in patients.  
Strain imaging is a promising tool for studying the characteristics of living tissue and has 
been around for over two decades. MR elastography (MRE) and ultrasound elastography 
are widely used on commercial scanners, but are far from reaching their full potential. The 
latter has a number of different implementations such as quasi-static, transient, shear wave, 
and acoustic radiation force impulse (ARFI).  Most of these implementations rely on 
finding the displacement of tissue in 1D or 2D. In quasi-static elastography, spatial 
gradients of the axial displacement fields are computed to produce “elasticity maps”, which 
are overlaid on anatomical B-mode images of the organ, e.g. breast. The quality of these 
maps depend on the displacement estimation method used and the measurement noise that 
could be amplified by gradient operators. 
Displacement estimation plays key role in obtaining tissue elastic properties based on 
pulse-echo ultrasound. Speckle tracking is the most widely used technique for estimating 
displacement due to coherent nature of ultrasound. Recent advances of 2D speckle tracking 
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have enabled robust 2D displacement estimation with subsample resolution in both axial 
and lateral dimensions. Despite these advances, the need for filtered gradient operations 
for strain computation may limit the usefulness of strain mapping of fine tissue structures 
such as vessel walls. 
In this research a new method for direct estimation of axial, lateral and shear strains in 
tissue is developed. This method takes advantage of local autocorrelation function and the 
relationship between autocorrelation and power spectral density of analytic radiofrequency 
(RF) signals. The method assumes sufficiently high frame rates to allow modeling of the 
frame-to-frame tissue displacement as an affine transformation. 
In 2D analysis, this would be a Jacobian matrix of 4 elements each of them being one strain 
parameter. The theory is tested in vivo on posterior wall of common carotid artery of a 
healthy human subject, as well as in vitro for a vessel mimicking phantom. Results indicate 
better resolution and accuracy in all four strain parameters than correlation and gradient 
based techniques.   
Besides strain, which is a determinant of stiffness of artery, there are other parameters that 
can independently contribute as a risk factor in cardiovascular diseases. In this research, 
pulse wave velocity (PWV) was measured and shown that, despite relatively small width 
of imaging plane and relatively low frame rates, PWV could still be derived from strain 
data with acceptable accuracy. Available pressure data also made it possible to measure 
wall shear rate (WSR) and wall shear stress (WSS), two indicators of deformation of flow 
and wall respectively.    
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Chapter 1 
 
Introduction 
 
1.1 Motivation 
Acute ischemic disorders such as myocardial infarction and stroke are the main cause of 
death in modern world [1]. Cardiovascular diseases (CVD) claim one life approximately 
every 40 seconds in the United States, which corresponds to 31.1% of all deaths [2]. 
According to the Centers for Disease Control and Prevention (CDC) statistics, heart 
disease, stroke and hypertension are among the leading causes of disability in the United 
States [2]. Among all CVDs, stroke has the highest mortality rate, killing almost 130,000 
people in the United States each year [3].  
Strokes are classified into two types, based on the damages to blood vessels. Ischemic 
stroke, which is the dominant type, is the result of occlusion in blood vessels, supplying 
brain oxygen due to thrombosis or atherosclerosis and incorporates about 87% of total 
strokes. The remaining 13% are hemorrhagic strokes, caused by rupture of weakened blood 
vessels, mainly aneurismal and arteriovenous vessels [4] [5].  
1.2 Cardiovascular System 
In order to survive, all body cells need oxygen and nutrients. They also need to remove 
their waste products before the poisonous byproducts destroy them. This function is 
effectively performed by an elegant cardiovascular system in human body. Heart muscle, 
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pumps about once every second and distributes oxygen bearing blood, via arteries in a large 
network. At the end of each heart cycle, the oxygen-less blood returns to the heart and the 
cycle repeats. Any blockage or occlusion in any part of vascular network can cause 
disturbance in blood circulation and affect the whole vascular system. In order for blood to 
flow, a pressure wave is generated by the heart and propagated through the entire arterial 
system. To allow the minimally attenuated propagation of the pulse wave, the vessel 
(arterial) walls are formed by unique elastic structure. The wall of arteries consists of three 
layers: 
 Intima: the inner most layer, consisting of endothelial cells in direct contact 
with blood.  
 Media:  the mid-layer, containing smooth muscle cells (SMC). This layer, plays 
the key role in health and disease of the artery and formation of atherosclerotic 
plaques. 
 Adventitia: the outermost layer, in direct contact with surrounding tissue, 
consisting mostly of collagenous fibers. 
 
 
 
 
 
 Figure (1.1) three layers of Arterial Wall [165] 
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Figure (1.1) shows different layers of an artery. Each layer consists of different cellular 
fibers.  
1.3 Atherosclerosis 
Atherosclerosis, is the process of hardening (increase in stiffness) and thickening of the 
wall of arteries and creation of plaques [6]. It is a systemic disease in the sense that 
although, it happens locally, affects the whole vascular system’s function [7]. In fact, the 
change in arterial stiffness is a very important risk factor in cardiovascular diseases and is 
defined as change in rigidity of the wall of arteries. It is believed that arterial stiffening, 
starts long before any apparent clinical indication of the disease [8]. Atherosclerosis is 
known to form in regions of the vessel wall, where shear stress is lower than its nominal 
value, since wall stresses including tensile stress (i.e. the force along the direction of 
deformation), strongly effect hemodynamic environment. Subsequently, lower stress 
region represents lower blood flow and leads to accumulation of plaque forming material. 
Atherosclerosis is also associated with increase in blood pressure, which, increases loading 
on heart [9]. 
Atherosclerosis is a slowly progressing disease [10]. At the beginning of plaque formation, 
the intake of low density lipoprotein (LDL) at the wall increases [11]. This may lead to 
early onset of the disease, by formation of “fatty streaks”, containing inflammatory cells, 
i.e. T-lymphocytes and macrophages [10]. The progression of this process, stimulates the 
attraction of smooth muscle cells, which add to inflammatory site. Therefore, a lesion is 
formed at that region, which results the thickening of wall. Based on components, plaques 
can be characterized as stable of vulnerable [11]. Vulnerable plaques are the cause of most 
fatal myocardial infarctions. They form a thin fibrous cap and large lipid content. This 
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renders them prone to rupture with the added risk of releasing emboli, which can occlude 
vessels downstream [12]. Figure (1.2), shows different stages of atherosclerosis and 
different plaque types.  
Given the significance of stiffness in development of atherosclerosis, a robust noninvasive 
tool to measure arterial stiffness would be of great need in order to prevent or manage the 
disease [12].   
 
 
 
 
 
Figure (1.2) Overview of atherosclerosis progression and 
vulnerable plaque development. (Figure taken from [176])                                            
TCFA: Thin Cap Fibroatheroma   TIA: Transient Ischemic Attack 
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1.4 Vascular Imaging 
   There are several invasive and noninvasive imaging modalities, used for visualizing the 
vascular system. These imaging modalities are capable of detecting abnormalities in the 
heart and vessels, such as different stages of atherosclerosis. In this section, we briefly 
review a few of them. 
Computed Tomography (CT) angiography is a widely used imaging technique. In order 
to visualize the vascular system under ionizing radiation, a contrast agent (iodine based) is 
injected into blood stream. This imaging modality is capable of localizing the plaque and 
even determining the stage of disease [13]. Although CT is capable of determining the 
degree of calcification, it is not yet possible to determine the vulnerability of plaque with 
this imaging modality. Furthermore, to enhance the resolution, radiocontrast agents are 
injected into the blood stream. Although, the dosage of contrast agent follows certain 
restrictions, it can be potentially harmful to body due to its ionizing radiation effect [14]. 
Intravascular ultrasound (IVUS) is a catheter-based imaging technique in which the 
ultrasound probe is placed on the tip of a specialized catheter to provide cross sectional 
images (inner wall) of different vessels. Similar to CT it is capable of locating the plaque 
and determining the degree of stenosis. IVUS is especially used in regions where 
angiography cannot provide reliable results. However, this is an invasive imaging 
technique which may be considered as one of its disadvantages [15].  
Magnetic Resonance Imaging (MRI) is also being widely used in imaging the 
cardiovascular system and atherosclerosis. Carotid artery plaques can be visualized using 
1.5 to 3 T MRI. Some recent studies have shown that using high intensity field MRI of 7 
T, the vulnerability of plaque can be measured as well. It is claimed that at this strength, 
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SNR is large enough to reveal the details of plaque composition. Despite MRI’s capability 
to image carotid artery characteristics, imaging some deep arteries such as coronary arteries 
remains a challenge for this technique. Furthermore, MRI may not be cost effective as an 
imaging modality for frequent use [16] [17].  
1.5 Medical Ultrasound 
Ultrasound is an established and most widely used medical imaging modality. Its relative 
simplicity, portability, low operation cost, safety (no ionizing radiations needed) and 
feasibility of real-time data processing put it to advantage over many other imaging 
modalities such as CT and MRI [18].   
Even though it was demonstrated in 1930s by Sokolov (1935, 1939) [19] [20], this imaging 
modality was not fully recognized until early fifties by Wild and Reid for their work on 
detecting breast tumors [20] [21] [22].  Since then tremendous advances in technology have 
made it possible to track much more sophisticated structures and the industry has evolved 
from static to real time imaging where all necessary data can be processed simultaneously 
and results are available to the user immediately.  
Medical ultrasound devices typically work with frequencies above 1 MHz up to 50 MHz 
[23]. Higher central frequency of the device results higher lateral resolution and indirectly 
improves the axial resolution. However, this improvement in image quality, is obtained at 
the cost of lower penetration depth.  
The principle of this imaging modality is based on transmitting and receiving acoustic 
waves by a transducer. Ultrasound is a coherent imaging modality, i.e. it works upon 
constructive and destructive interference of acoustic waves, scattered by tissue which cause 
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the granular appearance of images. The amount of reflection depends on acoustic 
impedance mismatch between different layers of tissue. Acoustic impedance can be 
defined in simple form as:  𝑍 =  𝜌𝑐 where, ρ is the density of tissue and c is speed of sound 
in the medium. The impedance can change with frequency. Larger impedance mismatch 
between two media causes larger reflection. Reflections are seen as bright spots on 
ultrasound images. 
What makes a specific ultrasound probe suitable for a certain application is usually the 
excitation frequency and the geometry of its elements within the aperture. In addition, there 
are different excitation schemes such as linear array and phased array modes. The former 
typically produces rectilinear image formats and is widely used in peripheral vascular 
imaging. The phased array format is used for small-aperture transducers such as 
transthoracic cardiac probes and produce sector image formats. Figure (1.3) shows typical 
probes used in medical applications. 
 
 
 
 
 
 
 
 
Figure (1.3) Most commonly used ultrasound 
probes (From Mindray Probes company) [181] 
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Several signal processing steps are performed on the raw received radio frequency (RF) 
data from transducer before the final output becomes available. These steps (very briefly) 
include: 
(i) a band pass filter for suppressing low frequency artifacts and high frequency noise;  
(ii) time gain compensation (TGC);  
(iii) Hilbert transformation of raw data which adds virtual phase to it (I-Q 
demodulation); and 
(iv)  log compression of data, since the signal can have a large dynamic range in which 
case, small but varying values will not be visible in the image. Log compression 
will adjust the dynamic range and data will cover a larger range of values without 
losing smaller valued features. 
The output is displayed in several different imaging modes. The simplest display form is 
called A-mode or Amplitude mode and consists of one single line of signal called A-line. 
A-line is displayed as a function of depth. Figure (1.4a) shows an example of carotid artery 
A-line image. Each A-line contains information of a single longitudinal location at 
different axial depths.  
Carotid A-line demonstrates much higher amplitude at the walls of artery than inside the 
lumen and surrounding tissue, since acoustic impedance of connective tissue is known to 
be much higher than that of other tissues such as fat [24]. Vessel walls have much higher 
echogenicity relative to their surroundings [25]. Furthermore, due to high attenuation of 
sound wave in connective tissues, little signal can pass through them [26].  That explains 
why the amplitude of A-lines inside lumen is about 20dB lower than the surrounding 
walls.  
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B-mode or brightness mode produces a 2D image of adjacent A-lines presenting the 
intensity of received signal from each transducer element. Since simply assembling A-
lines together will destroy the exact geometry of the features, to preserve the original 
geometry scan conversion must be applied [27]. Figure (1.4b) shows an example of B-
mode image of carotid artery of a healthy human subject [28] [29]. 
In M-mode (motion mode) imaging, one single A-line is swept in time (repeated) at the 
same location and displayed as a function of depth and time. Figure (1.4c) shows an M-
mode image of the same subject (carotid artery). Axial movement of upper and lower wall 
during three heart cycles, can be observed on this figure. Longitudinal movement 
however, cannot be seen due to lack of carrier and lower resolution in this direction.  
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1.6 Vascular Ultrasound 
One of the early applications of medical ultrasound is in imaging large arteries in the 
arterial tree [30] [31] [32]. It is a practical tool for detecting abnormalities in the walls of 
large arteries such as carotid and femoral. Not only does ultrasound image the structure of 
the artery itself, it also captures any narrowing of the blood passage due to stenosis.  
1.6.1 Doppler Ultrasound  
In addition to imaging vessel walls, blood flow can also be measured using Doppler 
ultrasound techniques. Based on Doppler principle, the reflected signal from a moving 
target or source experiences a frequency shift, indicative of distance or relative velocity of 
the moving object. In case of stenosis, blood velocity can determine the severity of the 
blockage. There are several existing Doppler modes. The most commonly used are: 
 Color Doppler mode: Mean component of central frequency is color-coded to 
visualize flow velocities and direction of flow. Basically, Doppler shifts are 
superimposed on a gray scale ultrasound. By convention red color shows the flow 
toward transducer while blue shows the opposite [33]. 
 
 
 
 
 
 
 
 
Figure (1.5) Color Flow Doppler 
of Carotid Artery. Red color 
shows the relative direction of 
blood flow to the transducer 
position (flowing toward the 
transducer) [29]. 
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 Power Doppler mode: In this mode flow is color-coded based on power spectrum of 
Doppler signal. This Doppler mode is capable of detecting stenosis in the regions of 
vessel where flow is small. Sensitivity of this color mode is at least 3 times higher than 
conventional color Doppler (in terms of flow detection) [34]. 
 
 
 
 
 
  Pulsed Doppler: In this Doppler mode, transducer acts as transmitter and receiver 
alternatively. It can work on very small segments (sample volumes) of the vessel, 
therefore can provide details in the imaging region. However, because of possibility of 
aliasing it is not able to detect very high velocities. This imaging mode can show the 
degree of impact of stenosis [35] [36].  
 
 
 
 
 
 
 
Figure (1.6): Longitudinal PD of a 
stenotic vein in hemodialysis 
fistula. (A) PD demonstrates an 
adequate visualization of the 
stenosis caused by intimal 
hyperplasia, as well as an 
accurate depiction of the 
residual intrastenotic lumen 
[172] 
Figure (1.7) vertebral artery 
pulse wave Doppler. Note the 
direction of the flow in 
relation to the internal jugular 
vein (Image taken from [180]) 
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1.6.2 Pulse Echo Technique 
Pulse Echo ultrasound is the most widely used technique of imaging. It is the primary form 
of ultrasound imaging following the principles of radar. This technique became widely 
used in early 1970s. In pulse-echo (PE) ultrasound, short pulses (containing few cycles) 
are transmitted into the medium. Image is formed upon receiving the reflected wave by 
transmitting transducer. Specular reflection is due to impedance mismatch between 
different layers of tissue and is in part responsible in ultrasound image formation. The 
amount of reflection depends on the angle of incidence and impedance value. Small 
inhomogeneities in tissue, much smaller than the wavelength of ultrasound pulse, diffusely 
scatter echoes which are superimposed on the specular reflections to form the complete 
image [28]. 
1.6.3 Elasticity Measures 
Measuring elastic parameters of the wall of arteries started with work of Arndt et al. in 
1968 who measured the wall motion for human common carotid artery on A-mode 
ultrasound signals [37]. Since then, several methods have been proposed for measuring 
wall motion, which will be discussed in detail in chapter 2. Other than strain parameters 
which define elasticity of arterial wall, there are measures which can independently relate 
to stiffness (elastic characteristics) of the vessel. Each of these parameters can be 
independently used as an indicator of risk for arterial disorders such as atherosclerosis or 
degree of stenosis. A simple overview of these measures is as follows: 
Global methods: 
 Pulse Pressure (PP): is the simplest measure of arterial stiffness. PP is the difference 
between systolic and diastolic pressures in one heart cycle. It is a representative of the 
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force that heart has to bear by each contraction and is proportional to stroke volume 
i.e. the amount of blood pumped out of left ventricle (LV) in each cycle. Therefore, 
any change in its normal value can be indicative of change of stiffness in arteries. As 
an example, increase in PP maybe caused by stiffness in aorta or other large arteries 
[38].  
 Pulse Wave Velocity (PWV): is the velocity of pressure wave propagating along the 
arterial tree caused by pumping of the heart. PWV is a measure of stiffness of arteries 
[39]. The gold standard for measuring PWV is finding the time delay for the foot of 
the wave to travel between femoral and carotid artery. However, this method provides 
a global measure. Arterial stiffness (atherosclerosis) causes an increase in PWV. 
 Augmentation Index (AIx): is calculated based on systolic aortic pressure [40] and 
is a measure of reflection of pulse wave and arterial stiffness. AIx is the “change in 
pressure after the first systolic notch to the peak aortic pressure” [41]. 
 
 
 
 
 
 
 
 
 
 
 
Figure (2.8) One method for calculating Augmentation Index [182]. 
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Local Methods: 
 Carotid Intima-Media thickness (cIMT): The thickness of intima + media in carotid 
artery is a measure to determine stiffness of the artery. Physicians determine the “age” 
of artery by measuring IMT. Any change in IMT can be associated with variations in 
stiffness. Increase in IMT is one of the signs of arterial stiffness. Subtle changes in 
thickness can be indicator of early onset of atherosclerosis [42]. 
 Compliance: is the ratio of volume change to change of pressure. In other words, it is 
the ability of vessel to expand and increase volume during increase of blood pressure. 
In arterial stiffness this ability decreases which results a decrease in diastolic pressure 
and increase in systolic pressure [43] [44].  
 Distensibility: Distensibility Coefficient 𝐷𝐶 = 
2∆𝑑/𝑑𝑠
∆𝑝
 where ∆𝑑 is the change in 
diameter, ds is diameter during systole and ∆𝑝 is the difference between average 
systolic and diastolic blood pressures. Similar to compliance the increase in 
distensibility also means increase in PWV and blood pressure [43] [45].  
 Stiffness index (β):  𝛽 = ln(
𝑝𝑠
𝑝𝑑⁄ )
𝑑𝑑
∆𝑑
   where dd is the diastolic diameter and ∆𝑑 is the 
difference between systolic and diastolic diameter.  
 Young’s Modulus (E): or elastic modulus shows material stiffness and is a measure of 
linear elasticity in solids. According to definition it is the ratio of stress (force per unit 
area) to strain in the same direction. For estimating Young’s modulus knowledge of 
wall thickness is necessary.   𝐸 = 
𝑑𝑑
2ℎ
.
(𝑝𝑠−𝑝𝑑)
(𝑑𝑠−𝑑𝑑)/𝑑𝑑
 where h is the wall thickness. ps is the 
systolic and pd is the diastolic pressure [46]. 
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1.7 Elastography 
   Palpation is one of the earliest methods of diagnosing diseases has been around for more 
than three thousand years. Ebers papyrus from ancient Egypt reveals that palpation of 
pulse and abdomen were especially important in initial examination and diagnosis [47]. 
In modern medicine, palpation gained recognition in 1930s and became a tool in 
preliminary examinations [48] [49].  
Large tumors or organ anomalies are stiffer than the surrounding tissue. It has been known 
for long that diseased tissue feels different under touch. The relative difference (stiffness) 
maybe recognizable by little pressure applied by hand. This method lacks the sensitivity 
in cases where the lesion is deep. It may also lack the specificity to distinguish between 
diseased and healthy tissue in the early stages of disease.  
Being able to attribute values and quantities to stiffness (resistance to deformation) can 
significantly change the realm of prognosis of a large variety of disorders. Stiffness, along 
with several other mechanical properties of tissues (e.g. elastic moduli) are known to be 
independent risk indicators for several life threatening disorders [50] [51] [52].  
Strain imaging or elastography is an imaging technique which maps tissue stiffness in all 
directions. However, the term elastography was first used in 1991 by Ophir et al. To 
demonstrate their quasi static method, they used 1D cross correlation-based technique to 
find axial strain in a foam block (phantom) and tissue in vitro [53]. In their experiment 
different strain values corresponded to levels of stiffness, e.g. low strain value was 
indicative of high stiffness in the region. 
Several techniques have been developed to obtain elastography images and to improve 
the initial method. Ophir et al. used quasi-static elastography method, i.e. they applied a 
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controlled axial stress (external force) on the phantom and compared pre and post 
compression ultrasound images using cross correlation of A-lines in both frames. Figure 
(1.9) shows the result of cross correlation between pre and post compression signals. The 
displacement results were used to estimate local mechanical properties of the phantom.  
In order to improve their method, Cespedes et al. tried subsample estimation to overcome 
the problem of decorrelation and data quantization [54]. Furthermore, in 1996 Varghese 
et al. came up with a method to reduce decorrelation noise in elastography, by temporal 
stretching (global stretching) of the post compression echo data to reduce errors between 
pre and post compression frames. In other words they built a strain filter [55] [56]. Later 
on, some groups (Alam 1998 and Srinivasan 2002) found algorithms to pick up the 
optimized local stretching factors to match with local tissue changes which allowed for 
reduction in strain noise [57] [58]. 
 
 
 
 
Figure (1.9) Cross Correlation of Pre and Post compression 
ultrasound signals (and their envelopes). Cross correlation reaches 
its maximum at the delay (displacement) instead of origin [176]. 
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Frequency domain analysis can be utilized as well as time domain analysis for obtaining 
similar results in elastography. Elastography deals with compression and expansion of 
tissue (in time/space domain). Applying Fourier transform and its scaling property, 
compression and expansion will be reversed. This property allows for cross correlation in 
spectral domain between pre and post deformed data, resulting the shift (displacement) 
between them [59] [60].  
Several groups have already applied quasi-static elastogrpahy principles to estimate local 
properties of tissue types, including breast tissue, for early diagnosis of cancer using 
different approaches for solving the displacement problem [61] [62] [63].  
There are several examples of using this method of elastography for detecting material 
moduli, of which we point out one of them here. Solving a system of linear equations for 
spatial derivatives of relative shear modulus, Sumi et al. (1995) obtained the relative shear 
modulus of soft tissue by integration [64]. They later improved their method using an 
iterative phase matching method for 2D displacement (1999) [65].  
In quasi-static elastography, an external force has to be applied to the object to induce 
compression (stress/strain). However, compression doesn’t always need to be applied 
externally. For example, Konofagou et al. (2007, 2008) made use of natural heart beat and 
the resulting pressure wave through the arterial tree to estimate local properties of 
myocardium and other parts of cardiovascular system [66] [67]. 
Another method for internal excitation is shear wave elastography (SWE) (originally 
proposed by Sarvazyan et al. [68]). In this method, shear waves are studied to assess 
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stiffness of tissue in different directions and get quantitative results. The higher the shear 
wave speed the higher the stiffness of tissue [69]. SWE is being clinically used for 
applications such as diagnosing liver cirrhosis. This noninvasive method of examining liver 
stiffness has already been given the brand name of “Fibroscan” [70] [71]. 
  
 
 
 
 
 
Acoustic 
radiation force impulse (ARFI) imaging is a special case of SWE in which, high intensity 
ultrasound pulses make localized displacement in tissue by transferring energy to it [72]. 
Elastic parameters in direction of the beam (axial direction) are measured in this method. 
ARFI is capable of producing a qualitative map of relative differences in stiffness in 
different regions  
For in vivo imaging and displacement tracking, internal excitations are preferable to 
external ones because there is not a lot of control on the movement of the organ inside the 
body. Regardless of method or imaging modality used in elastography, basic steps are 
common in all of them:  
Figure (1.10) Schematic of FibroScan Probe. Figure is taken from [177] 
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 A mechanical force (internal or external) is applied to the tissue; Imaging is done 
pre and post compression;  
 Displacements (1D, 2D or 3D) are estimated, using different methods.  
 Elasticity related parameters are computed from displacements.  
In most elastography methods, finding displacement between non-deformed and deformed 
tissue plays the key role in finding elastic properties.   
Any elastic quantities are then, result of some operation on displacements. Normal and 
shear strains are the result of spatial derivatives of axial and longitudinal displacements. 
Gradient is known to be a noise amplifying operator [73] [74]. Large noise can completely 
mask small values of strain and degrade the accuracy of estimation significantly. Besides, 
change in strain values at the early stages of abnormality is not large and in order to be able 
to recognize the small changes an accurate estimation method is necessary.  
1.8 Vascular Elastography 
Elastography is widely used in determining vessel wall properties and diagnosing disorders 
such as atherosclerosis. The principles of elastography apply to obtain any abnormality 
(stiffness) on the wall of arteries or veins. Furthermore, ultrasound imaging modes have 
been in use in vascular elastography to detect abnormalities in the vessels. The use of 
ultrasound for detection of elastic characteristics of vascular system dates back to 1970s. 
During this time, elastic modulus of aorta was detected using a catheter based ultrasound 
system [75]. Intravascular ultrasound (IVUS) was then used to visualize inside the lumen 
and endothelial cells to find vulnerable plaques of coronary artery [76]. 
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However, noninvasive application of ultrasound for vascular elastography started in 1980s. 
In 1985 Hoeks et al. used transcutaneous Doppler to measure diameter of carotid artery 
[77].  
Dutta et al. (2013) used noninvasive ultrasound on engineered wall structures to measure 
Young’s modulus, which correlated well with direct mechanical testing. They used a 
displacement tracking method to find the displacements. Therefore, mechanical properties 
of the engineered tissue were estimated. This method is yet to be tested in vivo [78]. 
Shear Wave Elastography is mainly used for elasticity imaging in organs like liver. More 
recently, however, studies to demonstarte feasibility of this method in diagnosis of stiffness 
of arteries have been published. The first group working on feasibility study were Coude 
et al. who showed the use of SWE in a vessel mimicking phantom and in vivo. According 
to their conclusion it is possible to use this method in clinical applications involving arterial 
stiffness. It would be especially efficient in detecting vulnerable plaques [79]. In 2013 
Balahonova et al. used SWE to investigate the elastic properties of carotid arterial wall. 
Their method showed poor reproducibility [80]. However, in 2014 Ramnarine et al. showed 
its feasibility and potential for clinical applications. They measured Young’s modulus on 
the vessel wall and in atherosclerotic plaque [81]. 
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Figure (1.11) Different Elastography approaches, which includes the methods of 
excitation either mechanical or by radiation, external or internal. Figure is taken from 
[49]. 
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1.9 Contributions of This Research 
In this dissertation, we investigate a new method to directly estimate strain parameters of 
the walls of carotid artery. Although the target is carotid artery wall, the application of our 
developed method can be generalized to different biological tissues and therefore to find 
tissue malignancies such as breast tumors.  
B-mode imaging for carotid artery has been around for a few decades and is used as a 
diagnostic tool for atherosclerotic plaques [30] [31]. Since ultrasound image is formed 
from a combination of scatterings due to small inhomogeneities in tissue and specular 
reflection of echoes from interaction of waves at the surface of tissue, any change in elastic 
properties of the tissue should be observable [28]. However, due to presence of known 
artifacts in ultrasound images some  inhomogeneities may not be clearly visible and some 
might be accounted for as artifacts [32]. Consequently, although B-mode images are 
commonly used to estimate the extent of plaques within the artery, similar to any other 
existing imaging modality, the vulnerability of plaques cannot be determined form them.  
In more recent years contrast enhanced ultrasound and other advances in hardware have 
made it possible to provide better quality images in which the vascular network related to 
plaques can also be visualized. 
Nevertheless, knowledge of stiffness of a plaque accurately will be extremely helpful in 
proper and efficient treatment. Normal and shear strains at the arterial wall determine the 
local stiffness but estimating the stiffness is not limited to strains.  
All studies regarding strains of the arterial wall have assumed equal shear strains in axial 
and lateral directions based on incompressibility of tissue and estimated lateral shear for 
both parameters. However, tissue structure is very complicated and therefore not fully 
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incompressible. Vessel walls are also known to have anisotropic elastic properties. In this 
study we have been able to estimate axial and lateral shear strains separately without the 
need to invoke the incompressibility condition in the optimization problem. The resulting 
values for two strains are not the same. Therefore, estimating them separately will yield a 
more realistic view of the deformations occurring at a segment of vessel wall. 
Furthermore, studying axial (vertical) shear strain may enlighten new aspects of stiffness 
measurement.  
Our 2D measurements have resulted pointwise information on strains. In other words, we 
have estimated local deformations at small segments of vessel walls as small as 0.29 mm 
laterally and 0.019 mm axially. 
Small changes in stiffness at the walls of arteries can be a strong indicator for the onset of 
cardiovascular disorders. However, limited resolution of imaging modalities do not allow 
for detection of small changes. We have been able to detect strains as small as 0.1% with 
good accuracy without any further smoothing or interpolation of data. This accuracy has 
been achieved in all strain components.  
Localization is another feature of this method. Relatively small kernel size (0.81mm x 
0.87 mm in axial and lateral directions respectively) makes it possible to capture small 
changes or deformations and therefore, achieve subpixel resolution.  
The principles used for the algorithm are based on a simple linear transformation between 
two autocorrelation functions. The simplicity of algorithm makes it possible to avoid the 
costly computations and facilitates the use of method in real time systems. 
Other measures such as intima-media thickness (IMT), pulse wave velocity (PWV), 
arterial distensibility and β-stiffness are also among parameters expressing the stiffness. 
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PWV is a reliable measure for the risk factor in cardiovascular diseases. Velocity 
measurement is typically done by computing the time it takes for the pressure wave to 
travel from one point of the arterial wall to the other. These two points are usually located 
on common carotid and femoral artery. Among simplifying assumptions for computing 
velocity, one is that arterial tree is straight along the body which is not true in reality [82]. 
We show that mean PWV can be computed from strain parameters without the need for 
two separate measurements. Furthermore, localization of this method can also provide the 
ability to measure PWV locally. Small changes in PWV along small segments of the 
arterial wall can be a strong marker of changes in homogeneity and therefore the 
possibility of atherosclerosis. 
 
1.10 Organization of This Thesis 
This dissertation consists of six chapters. A general overview of medical ultrasound 
accompanied by a brief history of evolution of techniques in the area of carotid artery 
elastography was presented in this chapter. Our contributions were also pointed out.  
Chapter 2 overviews displacement tracking (speckle tracking) principles and its existing 
techniques for carotid artery walls and generally for soft tissue. Speckle tracking as the 
most widely used technique for finding displacement is described in details; different 
mathematical concepts involved in the technique are explained and cross correlation 
issues are pointed out.  
Chapter 3 introduces our new method. Mathematical theories supporting the method are 
stated and step by step algorithm demonstrated in detail. The novelty of method is 
discussed and its advantages over existing techniques for estimating strain parameters are 
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pointed out. Mathematical basics of this method such as affine transformation and duality 
between spatial cross correlation function and power spectral density through the Fourier 
transform is illustrated. Some other properties of Fourier transform used in the method are 
also explained.  
In chapter 4 we provide the in vivo and in vitro experiment setups and demonstrate 
different stages of experiments in detail. The new method’s achievement is illustrated 
through discussing the results.  
In chapter 5 a few elasticity related parameters, used in characterizing the risk factors for 
cardiovascular diseases are introduced. These factors include pulse wave velocity (PWV), 
wall shear rate (WSR) and wall shear stress (WSS).  
Chapter 6 concludes the presented research and suggests future potentials for 
improvement and applications of our introduced method.  
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Chapter 2 
Speckle Tracking  
 
2.1 Introduction  
It was pointed out in chapter 1 that Ophir et.al (1991) were the first group to use 
elastography to estimate elastic properties of a foam block phantom [53]. The three general 
steps of elastography were also briefly overviewed in section 1.3. In this research we 
investigated a new method in which strain parameters were not computed by derivatives 
of displacements but directly based on characteristics of autocorrelation function. 
However, displacement tracking still remains the most widely used method in motion 
related medical ultrasound applications especially those involving elastography.  
Other than strain imaging, displacement tracking is utilized in many other applications such 
as studying the muscle activity or functional activities of body [83] [84]. It is also used in 
therapeutic ultrasound for the purpose of imaging the temperature [85] [86] [87]. 
Since most existing strain imaging techniques are based on frame to frame displacement 
of scatterers, in this chapter we will focus on displacement tracking methods using 
ultrasound. The difference in strain estimation methods is usually a consequence of 
difference in techniques used for displacement tracking. In this thesis the terms “speckle 
tracking” and “displacement tracking” are used as synonymous and will be referred to as 
28 
 
one or other for convenience. However, displacement tracking is a very general term used 
in all fields of engineering and science. Whereas, speckle tracking relates to imaging 
modalities (coherent) in which speckle pattern is produced.  
Before starting the discussion of displacement tracking we will first briefly explain the 
nature of speckle and how it can be used in imaging applications. We will then review 
principles of speckle tracking methods in detail.   
 
2.2 Speckle  
Ultrasound images are formed by constructive and destructive interference of reflecting 
waves from different surfaces [28] and tend to have a granular appearance. Since tissue 
doesn’t have a flat surface, wave can be reflected in all directions. However, ultrasound 
wavelength (which is in the order of 10-4 meters or tenth of millimeters) is much larger 
than the size of those reflecting structures (scatterers). These surface structures are the 
origin of speckles therefore, the granular appearance of ultrasound image is called speckle 
pattern. The granules usually are equal in size to the resolution of transducer in both 
dimensions [88] [89]. In other words, speckle is an inherent artifact of ultrasound images 
[90]. Speckle patterns in the imaging objects are quite stable provided there are no large 
deformations, i.e. although they seem to have a random distribution, they show identical 
behavior in repeated ultrasound imaging of the same object at the same physical and 
transducer conditions. Scatterers despite of being distributed randomly follow a certain 
statistical distribution. If there are large number of scatterers in the medium they will have 
a Rayleigh distribution [91]. In this situation speckles are called fully developed. Besides 
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that, shape of speckle is determined by the point spread function (PSF) of ultrasound 
system.  
𝑃(𝐴) =
𝐴
𝜑
exp(−
𝐴2
2𝜑
)                                                (2.1) 
Equation (2.1) shows the Rayleigh distribution where A is the amplitude and 𝜑 is a constant 
[89]. 
In several ultrasound applications the effort is to eliminate speckles as they are considered 
as noise in the image. They can mask low amplitude features. However, since speckle 
patterns follow the tissue motion precisely, their movement from frame to frame can be 
detected and considered as displacement or deformation of tissue locally [92] [93] [94]. 
Therefore, existence of suitable amount of speckles in the image will be beneficial.  
2.3 Speckle Tracking 
The most widely used displacement detection method in coherent imaging modalities is 
speckle tracking. During the past two decades, numerous speckle tracking methods have 
been proposed and put to use in different applications. The idea of using speckles in 
ultrasound images for tracking purposes was first introduced by Robinson et al. (1982) [95] 
and later followed by Akiyama et al. (1986) [96] and Trahey et al. (1987) [97].  These 
methods can be generally classified in two groups: registration based methods (non-rigid 
registration) and block matching methods [98].  
Registration based methods use image warping techniques. Basis functions such as B-
splines are applied to parametrize the deformation field. Usually a regularization step 
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follows at the end of computations to optimize the cost function [99]. These methods are 
typically used to estimate motion and strain in myocardium. 
In 2001 Ledesma-Carbayo et al. eliminated the need for image segmentation by using a 
global pixel-based matching criterion. They validated their method on simulated and in 
vivo data of healthy and pathological volunteers [100]. Utilizing local phase information 
in addition to intensity of ultrasound images Woo et al. (2009) found deformation in 
synthetic data as well as in vivo cardiac data of human and mouse by non-rigid registration. 
This method showed high resolution and SNR [101]. 
In block matching methods similar local image blocks are detected in a frame sequence. 
Speckle tracking (block matching) methods are robust and stable to the degree that are 
already being used in several commercial ultrasound devices. As an example EcoPAC 
software developed by GE Healthcare is capable of detecting a full sequence of one cycle 
of myocardial motion in about 5 to 10 seconds among other tasks. It can detect motion 
within a predefined region using speckle tracking [102] [103] [104].  
Among block matching methods those based on cross correlation are the most common. 
Early on, during the development of these methods 1D cross correlation would provide 
displacement in axial (parallel to beam) direction [105] [106] [107]. Later on, advances in 
technology made higher frame rate imaging possible [108] [109]. This made lateral motion 
(perpendicular to the beam) detection possible. Therefore, 2D cross correlation would yield 
both displacements.  
Two image frames are divided into small windows. Using cross correlation, the most 
relevant window in the post deformed frame will be detected. If motion is only comprised 
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of small lateral and axial movements a search algorithm should be able to find the 
corresponding window in the second frame. By sliding one window against the other one, 
cross correlation is computed. It will reach its maximum when all similar features overlap. 
The amount of axial and lateral lags in peak of cross correlation will determine the 
displacement [110]. Available methods are capable of detecting displacements with 
subsample resolution. 
2.4 Cross Correlation  
Cross correlation is a similarity measure used in almost all fields of science mainly for 
finding smaller features in a large feature.  
Ultrasound has vastly taken advantage of this measure in detection of displacement 
between image frames. In case of full similarity between two frames the peak of cross 
correlation will be at the origin and the function would be an autocorrelation. However, if 
there are displacements between features of two images the peak will also shift equivalent 
to the amount of shift between two images. In ultrasound applications it is preferred to use 
normalized cross correlation.  
Normalized cross correlation in 2D can be generally shown as: 
𝐶𝐶 = 
∑ ∑ 𝑓1(𝑥, 𝑧)𝑓2
∗(𝑥 − 𝑖, 𝑧 − 𝑗)𝑗𝑖
√∑ ∑ 𝑓1(𝑥, 𝑧)𝑓1
∗(𝑥 − 𝑖, 𝑧 − 𝑗)𝑗𝑖 √∑ ∑ 𝑓2(𝑥, 𝑧)𝑓2
∗(𝑥 − 𝑖, 𝑧 − 𝑗)𝑗𝑖
 ,
𝑖 ∈ [−
𝑤𝑥
2
 
𝑤𝑥
2
] , 𝑗 ∈ [−
𝑤𝑧
2
 ,
𝑤𝑧
2
]                           (2,1) 
Where wx and wz are the lengths of kernels in lateral and axial directions respectively.  f1 
and f2 are the pre and post deformation frames.  Also * shows the complex conjugate of the 
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frame. This is a complex cross correlation since RF data is already Hilbert transformed to 
introduce phase to real values. Choice of kernel size is very important. The larger the 
correlation widow the higher the precision of estimated displacements. However, as the 
kernel size increases the spatial resolution will be degraded. Meanwhile, large time lag 
between frames will cause decorrelation, i.e. the same speckle pattern cannot be captured 
in second frame. Therefore, images at highest possible frame rate are desired. 
One major application of cross correlation based speckle tracking is to measure wall motion 
in arteries. Blood flow and pressure wave along the arterial tree cause deformations along 
the wall of arteries. As a simplifying assumption these deformations can be considered as 
a combination of axial and lateral displacements on the wall.  
Theoretically maximum value for cross correlation should reach 1. So displacement 
tracking would be the task of finding the axial and lateral lags at which correlation is 1. 
However, maximum value cross correlation is not always fixed at 1. Sampling the data 
(quantization) is one reason. Maximum may be lying between two pixels, in which case 
to find it, interpolation would be necessary. Furthermore, as mentioned large time lags or 
large displacements can also cause decorrelation. Largest displacements occur almost at 
the beginning of systole where vessel wall is going under largest stress. This can cause 
decorrelation between two frames. Therefore, at the same time instances maximum cross 
correlation would drop from its nominal value. Figure (2.1) shows the changes in 
maximum cross correlation with diameter during 3 heart cycles.   
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Meanwhile, large displacement at the wall indicates large strain. We hypothesize that 
largest strains also occur approximately at the same time (during systolic blood pressure 
rise) during the heart cycle. This means that at largest strain values we expect the largest 
drops in maximum cross correlation. Figure (2.2) shows the proof of consistency of strain 
results with maximum correlation. All strain parameters show the largest rise around 
beginning of pressure rise in systole. 
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Chapter 3 
 
Direct Strain Estimation  
 
3.1 Introduction  
 
So far, we have reviewed displacement tracking techniques using ultrasound and other 
imaging modalities and explained elastography briefly along with existing methods of 
estimating strain parameters. In this chapter we focus on our newly developed method for 
estimating different strain parameters on common carotid artery wall. As mentioned before 
this method can be generalized to different living tissue types and is not limited to carotid 
artery. Previously, it was shown that most elastography techniques rely on finding 
displacements through cross correlation based speckle tracking methods and derivatives of 
displacements for strain parameters. It was pointed out that major drawback of this type of 
estimations was the noise amplifying nature of gradient operator in that, it could mask 
small strains and show unreal fluctuations.   
In this chapter first we review the mathematical theories and facts governing the 
formulation of our method. Then in section 3.3 we demonstrate the new algorithm and 
discuss it in detail. 
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3.2 Mathematical Components of the Problem 
3.2.1 Affine Transformation 
We claim that strain parameters in a tissue region can be estimated as parameters of an 
affine transformation. Therefore, in this section we will define affine transformation and 
demonstrate its role in our method. All our discussions will be in 2 dimensional space since 
we have been working with 2D ultrasound images. Nevertheless, this discussion can be 
generalized to third dimension.  
Simplest form of image transformation is a linear translation, for example in Cartesian 
coordinates let ∆= [∆𝑥 ∆𝑧]𝑇 ∈ ℝ2 be the translation vector, which takes point 1 with 
coordinates ?⃗?1 = (
𝑥1
𝑧1
) to point 2 located at ?⃗?2 = (
𝑥2
𝑧2
) we will have:  ?⃗?2 = ?⃗?1 +
𝑇∆ 𝑤ℎ𝑒𝑟𝑒 𝑇 = [
1 0
0 1
] In this transformation simply a displacement is added to initial 
position of the point. However, any complex motion such as tissue motion is comprised of 
different transformations and translation is just one of them. Tissue not only is displaced 
but it also deforms, i.e. it scales, shears and rotates. One of the advantages of Cartesian 
coordinates is that different transformations can be cascaded into one single 
transformation. Therefore in 2D plane all motion changes can come down to a 2x2 
transformation matrix called affine transformation [111] [112]. In general, an affine 
transformation can be represented as a linear mapping accompanied by a translation vector. 
In other words: 
                   ?⃗?2 = [
1 0
0 1
] ?⃗?1 + [
𝑒11 𝑒12
𝑒21 𝑒22
] ?⃗?1 + ∆⃗⃗ 
(3.1) 
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                       ?⃗?2 = [
𝑒11 + 1 𝑒12
𝑒21 𝑒22 + 1
] ?⃗?1 + ∆⃗⃗ 
 
(3.2) 
Where   𝑇 = [
𝑒11 + 1 𝑒12
𝑒21 𝑒22 + 1
]  is the transformation matrix.  
It should be noted that above transformation and translation can be written in one matrix 
but for our purpose this notation is more suitable. 
Affine transformations are widely used in different imaging modalities to compare 
different features in images. One of the properties of linear affine transformation is that it 
is invertible and the inverse matrix exists, i.e. det(A) ≠0. This is an advantage since 
singularities can cause problems in computer programs such as MATLAB which routinely 
use inverse of matrices for different transformation operations. A few other properties of 
affine transformations are as follows [113]: 
 Lines are preserved after transformation i.e. they will remain as lines. 
 Parallel lines stay parallel.    
 The ratios of parallel lines are preserved.  
The ratio of areas in two images are preserved. 
In the next sections we will demonstrate how affine transformation components can be 
related to strain parameters for elastic tissue materials. 
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3.2.2 Affine Transformation and Strain 
According to definition, engineering strain is the change in length per unit of original 
length.  
[114]
 
In figure (3.1) the pink square is first translated to dashed square. ux and uy are 
displacements in x and y directions respectively.  Normal and shear strains are then applied 
on the translated square. So according to figure we will have:   
Figure (3.1) Four different strains in a 2D image (Lateral
Strain, Axial Shear Strain, Lateral Shear Strain, Axial Strain)
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𝑑𝑢𝑥 = 
𝜕𝑢𝑥
𝜕𝑥
𝑑𝑥 
(3.3_a) 
 
𝑑𝑢𝑦 = 
𝜕𝑢𝑦
𝜕𝑥
𝑑𝑥 
(3.3_b) 
 
𝑑𝑢𝑥 = 
𝜕𝑢𝑥
𝜕𝑦
𝑑𝑦 
(3.3_c) 
 
𝑑𝑢𝑦 = 
𝜕𝑢𝑦
𝜕𝑦
𝑑𝑦 
(3_d) 
 
Where equations (3.3_a) to (3.3_d) show different strain parameters, e.g. (3.3_a) is the 
ratio of differential change of length (displacement) in lateral direction to unit length in the 
same direction and is called lateral strain or (3.3_c) shows the amount of differential change 
in lateral displacement for unit increase in axial length and is called lateral shear strain.  
Now, rewriting equation (3.2) we will have: 
                                                   
?⃗?2 − ∆⃗⃗= [
𝑒11 + 1 𝑒12
𝑒21 𝑒22 + 1
] ?⃗?1  → [
𝑥2 − ∆𝑥
𝑦2 − ∆𝑦
] =  [
𝑒11 + 1 𝑒12
𝑒21 𝑒22 + 1
] [
𝑥1
𝑦1
] 
 
After matrix multiplication and manipulation, we will have: 
 
 𝑥2 − (𝑥1 + ∆𝑥 ) = 𝑒𝑥𝑥𝑥1 + 𝑒𝑥𝑦𝑦1  (3.4-a) 
 𝑦2 − (𝑦1 + ∆𝑦 ) =  𝑒𝑦𝑥𝑥1 + 𝑒𝑦𝑦𝑦1 (3.4-b) 
 
The above equations show how this transformation works as a Jacobian matrix, mapping 
one coordinate to other. In other words, it represents local deformation. Number subscripts 
are also replaced with coordinates to show they are strains in different directions. It is 
known that if a function is differentiable at a point and its neighborhood, Jacobian matrix 
would be the best linear approximation of function in that neighborhood [115] [116]. 
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Assuming a 2D motion and no rotation, two important conclusions can be deduced from 
the last two equations. First, axial and lateral motions are not independent of each other 
and there are parameters relating displacements in both directions. Therefore, motion 
tracking and deformation in two directions cannot be dealt with as two separable 1D 
problems otherwise the accuracy of computations will degrade. Second conclusion is that 
exx, exy, eyx and eyy are ratios of displacements to the original lengths and therefore would 
be the same as strain parameters in equation (3.3).  
 
3.2.3 Autocorrelation and Deformation 
 
Autocorrelation can be thought of as a measure of local uniformity of a function in time or 
space. In other words, it is a measure of similarity of observations as a function of spacing 
between them (either a time or space lag). In order to comply with the rest of notations let’s 
assume 𝑠(𝑥, 𝑧, 𝑡0) is the analytic received ultrasound echo signal at spatial coordinates x 
and z representing the lateral and axial directions at time t0. It is assumed that the signal is 
obtained from a linear array and therefore spatial invariant. According to definition, power 
spectral density (autospectrum) function of this signal in spatial frequency domain would 
be: 
  Γ11(𝑘𝑥, 𝑘𝑧) = 𝑆(𝑘𝑥, 𝑘𝑧 , 𝑡0)𝑆
∗(𝑘𝑥, 𝑘𝑧 , 𝑡0) 
 
(3.5) 
Where  𝒌 = [𝑘𝑥 𝑘𝑧]
′ is spatial frequency vector (rad/m) in x and z directions respectively 
and * denotes complex conjugate of the specified function. Mapping autospectrum of 
deformed signal into spatial domain, the autocorrelation function at a given region of 
interest (ROI) will be obtained. 
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𝛾11(𝑙𝑥, 𝑙𝑧) =
1
4𝜋2
∬ Γ11(𝑘𝑥, 𝑘𝑧)𝑒
𝑗(𝑘𝑥𝑙𝑥+𝑘𝑧𝑙𝑧)𝑑𝑘𝑥
∞
−∞
 
 
=
1
4𝜋2
∬ 𝑆(𝒌, 𝑡0)𝑆
∗(𝒌, 𝑡0)𝑒
𝑗𝒌′.𝒍
∞
−∞
𝑑𝒌 
 
(3.6) 
 
lx, lz are the lags in lateral and axial directions respectively. If motion is comprised of a 
simple translation (∆𝑥 , ∆𝑧) in lateral and axial directions, the signal at time t1 will be the 
displaced version of signal at time t0. In other words: 𝑠(𝑥, 𝑧, 𝑡1) = 𝑠(𝑥 − ∆𝑥, 𝑧 − ∆𝑧, 𝑡0) . 
In spatial frequency domain translations will be transformed to phase lags imposed on the 
system. Displacements ∆𝑥 and ∆𝑧 are found based on the 2D phase coupled speckle 
tracking complex correlation based algorithm explained in previous chapter [112]. 
At this stage we enter deformation in the picture and study its mathematical effects on 
autospectrum and autocorrelation of the signal. Due to linear nature of affine 
transformations, displacement and deformation can be dealt with separately. In other 
words, without loss of generality we assume the only transformation between signals at 
times t0 and t1 is a deformation of this form:  𝑇 = [
1 + 𝑒𝑥𝑥 𝑒𝑥𝑧
𝑒𝑧𝑥 1 + 𝑒𝑧𝑧
]   
Where T is the deformation matrix and as it was noted in section 3.2.2 exx, exz, ezx, and ezz 
are different stain parameters.  
It will be shown that local autocorrelation function of echo data contains information on 
power spectral density. Evolution of shape of autocorrelation consequently describes 
faithfully the deformation of original echo data. 
In order to make the necessary changes, here we take advantage of scaling property of 
Fourier transform. As a reminder of Fourier scaling property, in one dimension we have: 
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                             𝐹{𝑔(𝑎𝑥)} =  
𝐺(
𝑘𝑥
𝑎
)
|𝑎|
    𝑎 ≠ 0 
 
 
Here kx denotes the spatial frequency. The same property would also work in vector 
(multidimensional) space, except inverse of the transformation factor would be equivalent 
to division in 1D case. Therefore, T must be an invertible matrix. In other words:  
                         𝑿2 = 𝑇 𝑿1  
                          𝐹{𝑠(𝑿2)} =  𝐹{𝑠(𝑇𝑿1)} = 𝑆((𝑇
′−1𝒌)/|𝑇|    
(Bold characters denote vectors) 
 Having equation (3.2) and based on scaling property of Fourier transform [117], the 2D 
spatial Fourier transform of received signal at time t1, 𝑠(𝑥, 𝑧, 𝑡1) would be as follows [118]:  
 
                               𝑆(𝒌, 𝑡1) = 𝑆(𝑇
′−1𝒌, 𝑡0)/|𝑇| (3.7) 
                               Γ22(𝑘𝑥, 𝑘𝑧) = 𝑆(𝑇
′−1𝒌, 𝑡0)𝑆
∗(𝑇′−1𝒌, 𝑡0)/|𝑇|
2 (3.8) 
   
Equation (3.8) shows the autospectrum of the deformed signal 𝑠(𝑥, 𝑧, 𝑡1). Now we will 
formulate autocorrelation of deformed signal in the region of interest (ROI) based on above 
equations: 
                              𝛾22(𝑙𝑥, 𝑙𝑧) =
1
4𝜋2
∬ Γ22(𝑘𝑥, 𝑘𝑧)𝑒
𝑗(𝑘𝑥𝑙𝑥+𝑘𝑧𝑙𝑧)𝑑𝑘𝑥
∞
−∞
  
                              =
1
4𝜋2
∬ 𝑆(𝑇′−1𝒌, 𝑡0)𝑆
∗(𝑇′−1𝒌, 𝑡0)/|𝑇|
2𝑒𝑗𝒌
′.𝒍∞
−∞
𝑑𝒌 (3.9) 
 
                             𝑇′−1𝒌 =
1
|𝑇|
[
1 + 𝑒𝑥𝑥 𝑒𝑥𝑧
𝑒𝑧𝑥 1 + 𝑒𝑧𝑧
] [𝑘𝑥 𝑘𝑧]
′ = [𝑚𝑥 𝑚𝑧] 
(3.10) 
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Change of variables will yield: 
                               𝑇′.𝒎 = 𝒌 → 𝒎 = 𝑇′−1𝒌 
𝛾22(𝑙𝑥, 𝑙𝑧) =
1
4𝜋2
∬
1
|𝑇|𝟐
|𝑆(𝒎, 𝑡0)|
2𝑒𝑗𝒎
′.(𝑇𝒍)𝑑(𝑇′𝒎)
∞
−∞
 
       
Knowing that 𝑑(𝑇′𝒎) = |𝑇|𝑑𝒎 the result will be: 
 
             𝛾22(𝒍) =
1
4𝜋2
∬
1
|𝑇|𝟐
|𝑆(𝒎, 𝑡0)|
2𝑒𝑗𝒎
′.(𝑇𝒍)|𝑇|𝑑(𝒎) =
1
|𝑇|
𝛾11(𝑇𝒍)
∞
−∞
 (3.11) 
 
Where  𝒍 = [𝑙𝑥 𝑙𝑧]
′ are the lags in lateral and axial directions respectively. Therefore, given 
the autocorrelation functions of pre-and-post deformation ROIs the transformation matrix 
can be obtained. Elements of this transformation matrix are the deformations (strains) in 
different directions. For this application displacements ∆𝑥 and ∆𝑧 are found prior to 
estimation of transformation matrix. Using the Lagrangian coordinates instead of Eulerian 
coordinates has the advantage of not having to shift the ROI, but simply placing the window 
at location of displaced speckle in second frame and then computing the transformation 
matrix using the above formula. 
 
3.3 Direct Strain Estimation Algorithm 
 
Mathematical principles of the new method were reviewed in previous sections. These 
principles were based on deformation estimation of local auto-correlation maps separated 
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at a time interval, 𝑚Δ𝑡, where Δ𝑡 is the sample interval per each RF frame and 𝑚 is a 
positive integer. In this section we will elaborate on the algorithm and its implementations 
which allow us to achieve direct measurement of local deformations of vascular wall. The 
steps of this algorithm are based on the properties of 2D local correlation (both cross 
correlation and autocorrelation) of the ROI going under deformation. As shown in previous 
section, the spatial spectra of a locally deformed ROI contains the phase distortion 
information when compared to pre-deformed ROI [119]. The analytic nature of ultrasound 
signal allows the visualization of deformation. Although these phase distortions are clearly 
present in the spectra, they are difficult to extract directly from the spectral distribution, 
especially in the presence of scattering noise. The power spectral density distribution, on 
the other hand, normalized by the total energy density, is less sensitive to signal noise, and 
consequently the algorithm based on the same principle is expected to be more robust. We 
will show in the later section that extracting the strain matrix, 𝑇, can be equivalently 
performed in the spatial instead of the spectrum domain. As a matter of fact, the 
deformation analysis performed over the auto-correlation maps is more straight forward 
and easy to be implemented. In the following, we will first describe the algorithm and 
discuss the implementations. Strains at the lower wall of carotid artery of a healthy subject 
will be estimated. Lower wall is picked for carotid artery and phantom because of less 
reflections and reverberations comparing to the upper wall and therefore less artifacts and 
higher accuracy. 
3.3.1 Description of Direct Strain Estimation Algorithm 
 
As elucidated in flow chart (Figure 3.2), the algorithm contains the following steps. 
S1: Data acquisition 
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A sequence of RF ultrasound images were recorded using LA14-5, 128 element, linear 
array operating at a central frequency of 7.5MHz with the sampling frequency of 40 MHz. 
The recording resulted RF frames of 38.9 × 14.5 mm (the former being the axial). The 
spatial resolutions of each RF image was 18.75 𝜇𝑚 in the axial and 0.29 mm in the lateral 
direction. Frame rate was set at 325 fps (frames per second). The RF sequence was 
sufficiently long to include several cardiac cycles.  
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Record a sequence of ultrasound RF 
frames, 𝑓(𝑥, 𝑧; 𝑡0 + 𝑛∆𝑡),  𝑛 = 0,1,… ,𝑁 
Determine vascular wall positions of 
the sequence, 𝑃𝑆𝑢𝑝𝑝(𝑡) & 𝑃𝑆𝑙𝑜𝑤(𝑡) 
Select a pair of RF frames in sequence,  
𝑓1 = 𝑓(𝑥, 𝑧; 𝑡) & 𝑓2 = 𝑓(𝑥, 𝑧; 𝑡 + 𝑚Δ𝑡)  
where 𝑚 is the positive integer 
Obtain 𝑅𝑂𝐼1(𝑥, 𝑧) and 𝑅𝑂𝐼2(𝑥, 𝑧) from 
𝑓1 & 𝑓2 centered at  𝑥0,  𝑧0  & 
 𝑥0, +d𝑥,  𝑧0 + d𝑧  respectively, with a 
window of (Δ𝑥,  Δ𝑧) 
Select a wall position (𝑥1,  𝑧1) ∈ 𝑃𝑆(𝑡) 
in frame 𝑓1 
Determine wall displacement  d𝑥,  d𝑧  
and corresponding position in frame,𝑓2. 
(𝑥1 + d𝑥,  𝑧1 + d𝑧) ∈ 𝑃𝑆(𝑡 + 𝑚Δ𝑡)  
Compute 2D autocorrelation images,  
𝐴𝐶1(𝜏𝑥, 𝜏𝑧) =
∬ 𝑅𝑂𝐼1(𝑥 + 𝜏𝑥, 𝑧 + 𝜏𝑧)𝑅𝑂𝐼1(𝑥, 𝑧)𝑑𝑥𝑑𝑧
Δ/2
−Δ/2
∬𝑅𝑂𝐼1
2𝑑𝑥𝑑𝑧
 
𝐴𝐶2(𝜏𝑥, 𝜏𝑧) =
∬ 𝑅𝑂𝐼2(𝑥 + 𝜏𝑥, 𝑧 + 𝜏𝑧)𝑅𝑂𝐼2(𝑥, 𝑧)𝑑𝑥𝑑𝑧
Δ/2
−Δ/2
∬𝑅𝑂𝐼2
2𝑑𝑥𝑑𝑧
 
Determine deformation matrix, 𝑻 =
[
1 + 𝑒𝑥𝑥 𝑒𝑥𝑧
𝑒𝑧𝑥 1 + 𝑒𝑧𝑧
], that allows transformation 
𝑨𝑪𝟏
𝑻
→𝑨𝑪𝟐 
Obtain wall deformation at 𝑡, 
𝑻(𝑥, 𝑧; 𝑡),  𝑤ℎ𝑒𝑟𝑒 (𝑥, 𝑧) ∈ 𝑃𝑆(𝑡)   
Obtain wall deformation over time, 
𝑻(𝑥, 𝑧, 𝑡;𝑚Δ𝑡) 
Figure (3.2) Flow diagram of the 
developed strain estimation algorithm. 
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S2: Determine kinematics of vascular walls 
Since the deformations including shear and rotation are defined in the Lagrangian frame of 
reference, the translational motion of the vascular vessel wall must be removed first before 
our proposed algorithm can be applied. To determine the kinematics, the locations of the 
wall, 𝑃𝑆𝑢𝑝𝑝(𝑡) & 𝑃𝑆𝑙𝑜𝑤(𝑡), where 𝑃𝑆 denotes a list of wall positions, (𝑥, 𝑧), subscript 
“upp” and “low” suggest the upper and lower wall respectively, must be accurately 
obtained. Subsequently, the displacement of the wall can be extracted. If the displacements 
are small enough the order in which translation and transformation are applied will not be 
important. However, in case of large displacements or deformation the translation must be 
dealt with before transformation to make sure the correct Lagrangian reference is chosen. 
S2.1. Determine initial wall positions at time 𝒕𝟎:  
To obtain the kinematics of wall over the time, one needs to first extract the initial positions 
of wall. As pointed out in Chapter 1, B-mode ultrasound images (shown in Figure (1.4b)) 
produce high intensity of echo at the vessel walls due to the discontinuity of impedance at 
the interface of vessel wall and blood.  The change in intensity at the impedance 
discontinuity is about 20 dB, i.e. intensity at the wall is higher than either the surrounding 
tissue or the blood. In the ultrasound image this intensity difference shows as two brighter 
regions at the wall area. It should be reminded here that wall itself is made of three different 
layers as described in chapter 1 (section 1.2). Intima, the inner most layer would appear as 
a white line. The mid-layer or media due to its smooth muscle cell (SMC) is echolucent 
(transmitting ultrasound waves), therefore appears as a dark region between intima and 
adventitia [120]. Adventitia, the outer most layer also appears as a bright region, more 
reflective than intima. In this manner, the regions above the upper white line and below the 
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lower one (referring to adventitia) are tissue surrounding the vessel and the region between 
two inner white lines (intima) is blood. Note that it is the discontinuity in impedance that 
marks the boundary of vessel and blood. Hence, this intensity variation along the axial 
direction could be used to determine the boundary. As demonstrated in Figure (3.3), the 
magnitude of an A-line signal (purple line) obtained from ultrasound images shows two 
groups of high intensity spikes centered around 500 and 1000, corresponding to the depth 
of 9.375 and 18.75 mm, i.e. upper and lower wall respectively. As one also observes, the 
intensity profile in axial direction is noisy. A simple edge detection algorithm cannot 
provide smooth wall profiles. To remove the noise in the intensity profile, envelope 
analysis was applied as shown in Figure (3.3), e.g. an upper envelop profile connects the 
local maximum points and a lower envelop connects the local minimum points. To 
adequately remove the noise, the multi-pass envelop analysis was applied. This multi-pass 
analysis combines adjacent local maxima to nearby maxima with larger values, e.g. red 
symbols obtained by three pass analysis contains less peaks than the blue line by two-pass 
analysis. It is also observed that the locations of the peaks with large value are clearly 
preserved. So the locations of upper and lower wall boundaries are determined as highest 
two peaks. In the example (Figure (3.3)), the positions are at 𝑧 = 600 and 𝑧 = 1010 pixels 
depth (11.25 and 18.94 mm in axial direction) for the upper and lower wall at given lateral 
position 𝑥 = 1. Although the analysis is accurate and robust, false location can be obtained 
when the contrast at the boundary is low. To prevent the erroneous identification of wall 
position, all detected wall positions were also verified manually. The sample result is 
shown in Figure (3.4). Linear regression was then applied to detected points. Although the 
vessel wall is not completely linear in our specific ultrasound sequence it followed the 
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linear model with a good accuracy. A comparison then was made between detected points 
using both methods and no significant difference was observed. Note that the detected 
upper wall is on the boundary between the adventitia and surrounding tissue and the lower 
wall on the intima side. This observation can be easily explained by the high reflectivity as 
the ultrasound beam crossing from lower impedance region to the higher impedance area.  
 
 
 
 
 
 
 
 
 
 
 
S2.2 Tracking wall motion over time:  
Once the initial coordinates of the upper and lower wall, 𝑃𝑆𝑢𝑝𝑝(𝑡0) and 𝑃𝑆𝑙𝑜𝑤(𝑡0), are 
obtained, the displacement of the wall, 𝑑𝑥[𝑃𝑆(𝑡0), 𝑡] and 𝑑𝑧[𝑃𝑆(𝑡0), 𝑡], at the subsequent 
frames, are determined with subsample accuracy using 2D phase coupled speckle tracking 
algorithm [112]. Accumulation of the displacements of each frame results the location of 
the walls in the next frame. In other words, the wall positions can then be computed as 
𝑃𝑆(𝑡) = 𝑃𝑆(𝑡0) + [𝑑𝑥, 𝑑𝑧]. The tracking procedure replaces the initial wall positions at 𝑡0 
Figure (3.3):  Wall detection algorithm using envelope analysis 
of RF profiles at the lateral position along the axial direction. 
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with the current positions at 𝑡 and repeats the abovementioned procedure until the entire 
sequence of RF frames is processed.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
S3 Select a pair of RF frames within the sequence for strain parameter analysis: 
To perform deformation analysis, a pair of RF frames separated by short time lapse, 𝑚Δ𝑡, 
were picked, where 𝑚 is the positive integer indicating the number of frames and Δ𝑡 is the 
time lapse between two consecutive frames.  For brevity, we denote these two frames as 
𝑓1 = 𝑓(𝑥, 𝑧; 𝑡)  
A
xi
al
 D
ep
th
 (
P
ix
el
s)
 
5 10 15 20 25 30 35 40 45
200
400
600
800
1000
1200
1400
1600
1800
2000
Lateral Depth (Pixels) 
Figure (3.4) Upper and Lower wall Positions for a 
single frame (frame 224) of Ultrasound sequence 
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𝑓2 = 𝑓(𝑥, 𝑧; 𝑡 + 𝑚Δ𝑡).      
 (12) 
It is worthwhile to discuss the proper selection of 𝑚 greater than the conventional value 
𝑚 = 1, i.e. two consecutive frames. Since the frame rate was chosen to be 325 frames/sec, 
proper selection of time separation would optimize the measurement accuracy and reduce 
the measurement uncertainty.   
S4. Select a position, (𝒙𝟏,  𝒛𝟏) ∈ 𝑷𝑺(𝒕) in frame 𝒇𝟏:  
The position will be used as the center of Region Of Interest (ROI) to local 
strain analysis. 
S5. Determine the corresponding position (𝒙𝟐,  𝒛𝟐), in 𝒇𝟐 to the position, (𝒙𝟏,  𝒛𝟏) ∈
𝑷𝑺(𝒕) in frame 𝒇𝟏:  
As discussed before, strain tensor, 
   𝑇 = [
1 + 𝑒𝑥𝑥 𝑒𝑧𝑥
𝑒𝑥𝑧 1 + 𝑒𝑧𝑧
],        
  
where 𝑇 is the strain tensor, 𝑒𝑥𝑥 =
𝑑𝑢
𝑑𝑥
, 𝑒𝑧𝑧 =
𝑑𝑤
𝑑𝑧
, 𝑒𝑥𝑧 =
𝑑𝑤
𝑑𝑥
 and 𝑒𝑧𝑥 =
𝑑𝑢
𝑑𝑧
, needs to be 
measured in the Lagrangian frame of reference, i.e. analysis must be performed over two 
same tissues or ROIs at 𝑓1 and 𝑓2. The symbols, 𝑑𝑢 and 𝑑𝑤, denote the deformation in the 
x and z direction, respectively. To extract the corresponding ROI in 𝑓2 to that in 𝑓1, one has 
to find the corresponding position by obtaining the accumulative displacements as iterative 
equation (13).  
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  𝑑𝑥 = ∑ 𝑑𝑥 𝑥𝑖 , 𝑧𝑖; 𝑡 + 𝑖Δ𝑡 𝑚𝑖=1 , 𝑑𝑧 = ∑ 𝑑𝑧 𝑥
𝑖 , 𝑧𝑖; 𝑡 + 𝑖Δ𝑡 𝑚𝑖=1 ,  
  
𝑥𝑖 = 𝑥𝑖−1 + 𝑑𝑥 𝑥𝑖 , 𝑧𝑖; 𝑡 + 𝑖Δ𝑡 , 𝑧𝑖 = 𝑧𝑖−1 + 𝑑𝑧 𝑥𝑖 , 𝑧𝑖; 𝑡 + 𝑖Δ𝑡  
 (13) 
where 𝑥0 = 𝑥1 and 𝑧
0 = 𝑧1. The corresponding position can be determined as 
  𝑥2 = 𝑥1 + 𝑑𝑥 
𝑧2 = 𝑧1 + 𝑑𝑧 
Note that the formula for determining accumulative displacement is generic and capable of 
handling multiple frame separation (i.e. m > 1). 
S5. Obtain ROIs of 𝒇𝟏 and 𝒇𝟐:  
ROIs from 𝑓1 and 𝑓2 are obtained using the following expression, 
  
              𝑅𝑂𝐼1(𝑥𝑟 , 𝑧𝑟) = 𝑓1(𝑥𝑟 + 𝑥1, 𝑧𝑟 + 𝑧1), 
  𝑅𝑂𝐼2(𝑥𝑟 , 𝑧𝑟) = 𝑓2(𝑥𝑟 + 𝑥2, 𝑧𝑟 + 𝑧2) 
where −
w𝑥
2
≤ 𝑥𝑟 ≤
w𝑥
2
, and  −
w𝑧
2
≤ 𝑧𝑟 ≤
w𝑧
2
.  w𝑥 and w𝑧 are the size of the ROI window 
(kernel size). Kernel size of the window was chosen to be 43 × 3 pixels (or 1.45𝑚𝑚 ×
0.8063𝑚𝑚) in axial and lateral directions respectively with a 50% overlap in lateral 
direction and no overlap in axial direction. Relatively large windows with smaller overlap 
in lateral and no overlap in axial direction is picked to have more available correlation 
space. Sample ROIs are shown in Fig. 3.5 and marked as blue box. 
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S6. Compute autocorrelation function of ROIs:  
Autocorrelation maps of ROIs are computed as the following.  
𝐴𝐶1(𝜏𝑥, 𝜏𝑧) =
∬ 𝑅𝑂𝐼1(𝑥+𝜏𝑥,𝑧+𝜏𝑧)𝑅𝑂𝐼1(𝑥,𝑧)𝑑𝑥𝑑𝑧
w/2
−w/2
∬𝑅𝑂𝐼1
2𝑑𝑥𝑑𝑧
    
 (14) 
𝐴𝐶2(𝜏𝑥, 𝜏𝑧) =
∬ 𝑅𝑂𝐼2(𝑥+𝜏𝑥,𝑧+𝜏𝑧)𝑅𝑂𝐼2(𝑥,𝑧)𝑑𝑥𝑑𝑧
w/2
−w/2
∬𝑅𝑂𝐼2
2𝑑𝑥𝑑𝑧
    
 (15) 
 
Figure (3.6) shows the autocorrelation maps of ROIs shown in figure (3.5). 
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Figure (3.5):   Regions of Interest (ROI) on the lower 
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The peak of all autocorrelation images is located at the center and has a value of 
1(according to definition of autocorrelation). If the surroundings of peak are flat, 
comparison between two autocorrelation images will not yield much in terms of elements 
of transformation. Therefore, larger autocorrelation image would mean more available 
points to compare between two frames. Therefore the higher accuracy will be achieved at 
the expense of more computational cost [121] [122].  
S7. Compute strain tensor, 𝑻(𝒙𝟏, 𝒛𝟏, 𝒕): 
Figure (3.6) show that the deformation information is contained in the autocorrelation 
maps. According to equation (3.11), autocorrelation of 2nd window (𝐴𝐶2) is equal to the 
scaled autocorrelation of the 1st window (𝐴𝐶1) multiplied by the inverse of the determinant 
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of the transformation. During this step of the algorithm, interpolation was avoided in both 
directions in autocorrelations since it proved to degrade the accuracy of parameter 
estimation.  
An iterative scheme was applied to find the best transformation satisfying equation (3.11). 
To speed up iterations, parallel processing toolbox from MATLAB was used. 8 worker 
nodes worked simultaneously and computed different possible combinations for 
transformation elements. Furthermore, 4 matrix elements were updated in two separate but 
simultaneous “parfor” loops. In each loop two elements (either diagonal or off diagonal) 
were updated while the other two were fixed at previous iteration values. In order to make 
necessary changes for transforming autocorrelation function its grid was converted 
according to inverse of the intended transformation matrix and then interpolated with the 
new grid. This approach avoided scaling of the autocorrelation function and only changed 
the grid coordinates. The cost function to be minimized was the sum of difference between 
each coefficient of the non-deformed and deformed autocorrelation matrix.  
S8. Repeat step S4-S7 by processing different wall positions until the entire wall 
positions are processed 
S9. Repeat Step S3-S8 by selecting different pairs until the entire sequence is 
processed. 
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Chapter 4 
In vitro and in vivo Results 
 
4.1 Introduction 
In previous chapters we gave a general overview of evolution of displacement tracking and 
elastography methods using different imaging modalities with an emphasis on ultrasound 
imaging of vessel walls. Furthermore, we introduced our new method, outlined the 
mathematics governing the formulation and went through the steps of the algorithm. We 
demonstrated how the method takes advantage of properties of Fourier transform and local 
autocorrelation function to directly estimate normal and shear strains.  In order to validate 
the new direct strain estimation method, we conducted some experiments and applied the 
new direct strain estimation to in vitro and in vivo ultrasound data. Results from vessel 
mimicking phantom experiment, elastography phantom data and in vivo carotid artery were 
all in compliance with theoretical expectations with high accuracy. In this chapter we 
demonstrate the setup of our experiments and data acquisition procedure. The steps of data 
processing and direct strain estimation will be addressed through figures, mathematical 
expressions and descriptions. Finally, the results will be discussed. 
4.2 Vessel Mimicking Phantom Experiment 
4.2.1 Experiment Setup 
Flow through a 4 mm vessel mimicking flow phantom (ATS Model 524) was imaged 
longitudinally using a commercial ultrasound scanner with research mode capabilities 
58 
 
(Sonix RP, Ultrasonix, BC, Canada). Linear array LA14_5 probe was used for this 
experiment. RF beamformed data collection was synchronized with pressure sensors at 
both ends of the vessel mimicking phantom for purpose of collecting inlet and outlet flow 
pressure. A flow sensor was also installed at the inlet of flow phantom to collect flow data. 
However, due to large difference between response times of our system and the sensor 
(sensor’s response time was about 1 min) its output was not used in our analyses. 
Experiment set up is shown in figure (4.1). Roller pump (Cole-Parmer MasterfFex) was set 
to a speed reasonably close to that of blood in human carotid artery (e.g. 360 ml/min [123]). 
The ideal flow type for this experiment would be a pulsatile flow resembling the pressure 
induced blood flow in arteries. The sinusoidal flow produced by roller pump however, can 
be considered close enough to mimic pulsatile flow of blood in artery. An Arduino 
microcontroller synchronized the sensors and ultrasound system trigger. Collected data 
from the ultrasound machine and pressure sensors were saved on a PC through a terminal. 
In order to mimic blood, celluloid microspheres were added to water to act as linear 
scatterers. 
 
 
 
 
 
 
 
 
Figure (4.1) Flow phantom experiment setup. A roller pump produces 
sinusoidal flow. Pressure sensors are placed at the inlet and outlet of phantom.  
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4.2.2 Data Acquisition 
A home developed program [124] was loaded on Sonix RP (Ultasonix, Canada) scanner to 
be used with LA14-5/38 linear array probe at center frequency of 7.5 MHz and frame rate 
of 448 frames per second to provide high frame rate M2D pulse-echo data [125]. Collected 
data was processed offline on a PC using MATLAB software. Ultrasound probe was 
positioned parallel to channel axis to provide longitudinal images of the phantom. In order 
to induce disturbance in flow, roller pump was switched off and on quickly during data 
collection. Imaging continued until system reached steady state. Inlet and outlet pressure 
data was collected by means of two pressure sensors.  
 
4.2.3 In vitro Results and Discussion 
Strain parameters at posterior wall of vessel mimicking phantom were estimated using two 
methods. First, lateral and axial displacements were estimated using 2D phase coupled 
speckle tracking [14]. Strain parameters were computed by taking spatial gradients of 
displacements in both directions. 
Then we used the new proposed method to directly estimate strain parameters as a linear 
affine transformation matrix. Figure (4.2) shows a comparison between strains obtained by 
both methods. They both follow same pattern and are mostly in phase. The rise and fall of 
diameter is intended to mimic the change of diameter in blood vessel during systole and 
diastole. Strain values follow diameter waveform with some phase difference. 
Figure (4.2) shows estimated strains by both methods. Both methods show the same pattern 
of change and are in phase for the most part of the heart cycle. For all four strains it is 
shown that directly estimated parameters from equation (3.2) are less noisy than those 
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using gradient of displacements. These observations are backed by mathematical theories 
since it is known that gradient is a noise amplifying operator [126]. Furthermore, values of 
Sxx and Szx (gradient driven lateral and lateral shear strain) are comparably smaller than 
those of exx and ezx (from direct estimation) respectively. Large lateral velocity of flow 
suggests relatively large values of lateral strains. In fact, lateral resolution is very poor a 
result of lack of signal carrier [112]. Therefore, accuracy of displacement estimation in 
axial and lateral direction isn’t the same. Displacement accuracy is much less in lateral 
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Figure (4.2) Lateral strain (Top Left), Axial Shear Strain (Top Right), Lateral Shear Strain 
(Bottom Left), Axial Strain (Bottom Right) Blue dotted lines show channel diameter 
during 6 cycles. In each section strain parameter based on affine transformation 
(above) and parameters based on 2D speckle tracking (below) are shown. 
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direction and derivative operator will degrade the estimation accuracy even further, hence 
the small values for lateral and lateral shear strains. 
 
 
 
 
4.3 Elastography Phantom experiment and results 
4.3.1 Setup and Data Acquisition 
Using a gelatin phantom Sridhar et.al [127] designed a compress-hold-release experiment 
to study viscoelasticity using ultrasound. The RF data for this experiment is available 
online [128]. Using this dataset (first sequence of data) we were able to validate the new 
method qualitatively. The details of experiment and data acquisition specifications are 
explained in [127]. In this compress-hold-release experiment RF data is acquired pre, post 
and during compression with a frame rate of 4 frames per second. A fast ramp stress is 
applied at the direction of the ultrasound beam. This experiment was initially designed to 
detect viscoelastic characteristics of the phantom material such as relaxation and 
retardation which asked for long duration data collection. However, only elastic behavior 
of the phantom was in our interest since elastic solids never relax. Therefore, we processed 
the first few seconds of ultrasound data when the ramp stress was applied. Figure (4.3.a) 
shows the setup of experiment. 2D phase-coupled speckle tracking algorithm [112] was 
applied to data to find axial and lateral displacements. Gradients of displacement data in 
different directions produced strain parameters. Strain parameters were also estimated 
using our proposed algorithm to validate our method. 
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(a) (b) 
Figure (4.3) Schematic figure of elastography experiment setup (a) B-mode image of 
phantom (b) schematic of phantom before and after application of stress (Taken 
from [5] and [6]) 
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4.3.2 Results and Discussion 
Figure (4.4) shows axial and lateral displacements at two regions on the right and left half 
of the phantom.  
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Schematics of the setup and simulation of experiment in figre (4.3) show symmetric 
uniform stress being applied to to surface of the phantom. Therefore, axial displacement is 
expected to be distribured uniformly in the phantom materail. Figure (4.4) confirms the 
uniformity of applied stress because axial displacements follow exactly the same pattern 
and almost similar values in both sections of the phantom. The sudden change in 
displacement is associated with the incidence of applying the ramp stress along the top 
surfac of phantom. Meanwhile the assumption of  incompressibility (or conservation of 
ealstic body volume) implies no volume change  in the phantom material due to stress 
[129]. Therefore when the material is pushed down axially, it will bulge out from both 
sides (laterally). In other words, lateral displacements in right and left half of the phantom 
would be in opposite directions. This can be clearly seen in figure (4.4) (bottom). 
Strains were computed using the spatial gradients of estimated displacements and dierct 
strain estimation method. Reuslts are shown in figure (4.5). 
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Strains from both methods are in general agreement and comply with each other. 
Displacement and strain profiles show that changes start to happen around frame 30. 
Imaging is done at a frame rate of 4 fps, therefore, the impact of stress is visible 
approxiamtely 7.5 seconds after start of imaging. In the original experiment external stress 
remains constant for a duration of time to study creep characteristics of gelatin phantom. 
However, we are interested in detecting elastic parameters. Elastic properties of this 
viscoelastic material prievails only at the start of force application and tapers off quickly 
[130].  
 
4.4 In vivo Measurement Experiment 
Ultrasound data from common carotid artery of a healthy volunteer was collected in supine 
position using LA14-5 probe at 325 frames per second. The subject was asked to hold her 
breath during data collection. Similar to in vitro experiments ultrasound data was stored 
and processed offline using MATLAB software. Displacement and velocity profiles were 
estimated using 2D phase coupled speckle tracking. Relatively small correlation kernel size 
of 0.87 mm by 0.806 mm (3 x 43 pixels) in lateral and axial directions were picked in the 
region of interest (ROI). The purpose of small lateral size was to capture small 
displacements, since the pitch of linear array is around 290 μm, much larger than speckle 
size causing low lateral resolution. Strain parameters of posterior wall were estimated using 
2D phase coupled speckle tracking and direct estimation method. Same kernel size was 
picked for autocorrelation windows in direct estimation. No interpolation was done in 
either direction in original data or after autocorrelation to make the analysis more accurate, 
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in spite of small deformation values. In fact, interpolation of factor 10 in the lateral 
direction proved to make the results noisier.  
 
4.4.2 In vivo Results and Discussion 
Similar to in vitro results, strain parameters of the posterior wall of artery are shown in 
figure (4.6) using two methods. ROI was chosen on the lower wall since the effect of 
reverberation decreases with depth, therefore there would be less shadow and artifact than 
on the upper wall area.  
Figure (4.6.a) top left, shows lateral strain (exx) of the lower wall of carotid artery and 
diameter waveform for 3 heart cycles. Change of diameter shows the contraction and 
expansion along vessel wall (perpendicular to the beam) in different sections of the heart 
cycle. Observations on lateral strain show negative slope at the beginning of systole 
followed by sign change in the later part of systole. Exactly at the start of systole the 
negative strain starts to increase, indicating contraction in longitudinal segments of arterial 
wall. It was shown in chapter two that largest drop in maximum cross correlation also 
occurs at time of sign change (at negative peak of lateral strain). This might be due to pulse 
wave propagation (which will be discussed in detail in next chapter) and large volume of 
blood flow at the beginning of systole. Contraction is followed by an extension starting at 
the inflation point of diameter of the artery. Longitudinal extension continues until the 
slope of diameter changes sign and diastole phase starts (the second drop in maximum 
cross correlation). The maximum extension is about 0.8% and the maximum contraction is 
about -4.4%, which shows good agreement with previously reported values by Ahlgren 
and Lindstrom group [131].  
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Shortly before beginning of systole axial shear strain (exz) rises from its minimum to 
maximum value and during systole decreases with a negative slope. At the beginning of 
diastole, it reaches another local minimum. 
 Longitudinal shear strain (ezx) shows a positive increase shortly before the beginning of 
systole (similar to the time lead of other parameters) followed by a decrease. 
The positive and negative slopes of shear strain (ezx) occur at the same locations as the first 
antegrade and retrograde longitudinal movements on the wall shown in [131]. Peaks of the 
strain curve show large values (5% and -7%) indicating difference between longitudinal 
movement of different layers in intima-media and adventitia complex of the artery wall 
(sliding of different layers on each other).  
It should be pointed out at this stage that different strains are driven by different factors, 
i.e. change in any of four strain parameters is dependent upon different factors. As an 
example, radial and circumferential strains are caused by blood pressure wave and 
conservation of vessel wall volume dictates radial strain to be inverse to that of blood 
pressure wave, however similar in shape and pattern change [132]. This can be observed 
for axial strain (ezz) which starts to rise after the start of systole however not completely 
out of phase with it. On the other hand lateral strain would be more complicated since it is 
caused by a combination of different factors such as wall shear stress (which will be 
explained in next chapter), pressure pulse wave, tethering of vessel because of heart 
contractions and conservation of volume of vessel wall [131] [132]. 
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Figure (4.6):  Lateral strain (Top Left), Axial Shear Strain (Top Right), Lateral Shear Strain (Bottom 
Left), Axial Strain (Bottom Right) Blue dotted lines show Carotid artery diameter change during 3 
cycles. In each section strain parameter based on affine transformation (above) and parameters 
based on 2D speckle tracking (below) are shown. 
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Chapter 5 
 
Other Wall Parameters  
 
5.1 Introduction 
Main focus of present research has been on finding and validating a new direct method to 
measure elastic properties of living tissue with an emphasis on vessel walls. In the 
meantime, some other elastic characteristics of vessels related to stress/strain such as pulse 
wave velocity (PWV), wall shear stress (WSS) and wall shear rate (WSR) have been 
measured. These characteristics are widely used as independent risk factors in 
cardiovascular diseases. The effort has been to derive these characteristics based on directly 
estimated strain parameters. 
Measurement of pulse wave velocity (PWV) is a widely used diagnostic tool to reveal 
abnormalities in the arterial tree such as arterial stiffness or changes in blood pressure. 
However, the gold standard for this measurement (explained in next section) depends 
highly on different variables and assumptions challenging its accuracy. Besides that, most 
measurement techniques result an estimate of the average or global PWV along the arterial 
tree which doesn’t provide any local information on the points along the path of 
measurement sites, in which case the local changes in stiffness may be ignored. 
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In the course of our study we intended to find out if parameters such as PWV could be 
measured more accurately and independently based on the results of new direct strain 
estimation method.  
In this chapter we show our approach towards finding different elastic parameters and study 
the feasibility to obtain satisfactory results.   
5.2 Pulse Wave Velocity (PWV) 
Pulse wave velocity (PWV) is the subject of interest in many cardiovascular diseases. For 
example, in the case of decrease in systemic compliance of the arteries, PWV increases 
which results an increase in systolic blood pressure. Decrease in compliance is one of the 
earliest signs of abnormality in the vessel wall [133]. Also in atherosclerosis it is known 
that PWV along the arterial tree is not the same at all locations (local differences) [134] 
[135].  
PWV is the result of dividing the distance between two measurement sites by the time it 
takes for the foot of the pressure wave to travel from first to second point [136].  
As the heart pumps blood out through contraction of left ventricle and sends it to ascending 
aorta, a pulse wave (pressure wave) travels along the arterial tree. On the other hand at the 
end of systole and beginning of diastole pressure waves reflect back towards the heart 
[137]. There are different equations for PWV and therefore different estimation methods. 
Moens-Korteweg (1878) equation relates PWV to elastic modulus E and thickness of wall 
h:                                                                                                                                                                          
 
𝐶𝑝 = √
𝐸ℎ
2𝑅𝜌𝑏
 
(5.1) 
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where 𝐶𝑝 is the velocity, R is radius of artery and 𝜌𝑏 is the mass density of blood [138]. 
The relation between PWV and arterial wall thickness in Moens-Korteweg equation, 
implies that 𝐶𝑝 can also be a measure of arterial stiffness. 
Another equation for estimating PWV locally was introduced by Bramwell-Hill (1922): 
 
                                  𝑃𝑊𝑉𝐵𝐻 = √
?̅?
𝜌
𝑃𝑃
∆𝐴
 
(5.2) 
Where PP is the pulse pressure, ?̅? is time-averaged cross sectional area of the vessel and 
∆A is the difference between area in systole and diastole. The above equation shows how 
an increase in PWV will cause the increase in pulse and therefore blood pressure.  
Bramwell and Hill also simplified Moens-Korteweg equation into: 
                                  𝐶𝑝 = 3.57/𝐷𝑝 (5.3) 
Where Dp =dV/dp/V is the distensibility waveform which can be defined as relative change 
in volume due to change in blood pressure [139] [140] [141].  
The gold standard for measuring PWV is the “foot to foot” method which avoids the use 
of pulse pressure. In this method the time delay between the foot of diameter at two points 
along the arterial tree is measured simultaneously. These two points are typically chosen 
along common carotid and femoral arteries for large enough time delay [134]. The 
estimated PWV from this method is an average and cannot be assigned to all sections of 
arterial tree. Besides, in this measurement the distance between carotid and femoral arteries 
is obtained by a measuring tape, i.e. the arterial tree is assumed to be lying along a straight 
line between these two sites. In practice this is not a true assumption and therefore the result 
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is not very accurate. On top of that the “foot” of pressure wave is not always clear due 
wave reflections. The attempt is to choose the foot of the wave as the section with smllest 
amount of reflections.  
During recent years some studies have suggested methods for local measurement of PWV. 
Noninvasive ultrasound techniques to find PWV either use the measurement on wall 
pulsation or velocity as these two are interchangeable through derivative of wall pulsation 
(displacement) [142] [143].  
One method is inducing low frequency ultrasound bursts to produce pressure wave. This 
pressure wave is superimposed by the natural pulse pressure and the transit time at different 
pressure levels can be determined. Therefore through this noninvasive method pressure and 
flow dependent velocity can be determined [144] [145].  
In 2012 Konofogou et al. studied the feasibility of imaging the local pulse wave in human 
carotid artery.  They found the displacement at different segments of the wall using a 
normal 1D cross correlation technique [146]. Choosing the wall velocity waveform, they 
picked the foot of the wave to be the inflection point in which acceleration (second 
temporal derivative of displacement) reaches its maximum. The time between foot of the 
wave was measured knowing the distance the pressure wave had to travel. PWV is the ratio 
of distance to the time delay i.e. the reciprocal of slope of the line showing the distance 
traveled in time between each foot of the wave [147]. 
In 2013 Liu et al. measured the length between two sample points on carotid artery wall 
and the transient time (the time pulse wave takes to reach from point 1 to point 2) between 
them noninvasively using velocity vector imaging technique [135]. Local PWV was 
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calculated in a region of carotid artery about 1 cm proximal to the bifurcation. They found 
PWV to be between 1.13 and 20.9 m/s for different healthy subjects. However, the frame 
rate they chose (38-50 m/s) was not high enough to be able to record small shifts. 
5.3 PWV Estimation Using Affine Transformation Parameters (feasibility 
study) 
In previous section we defined PWV and its importance as in independent indicator of 
cardiovascular diseases. We also briefly mentioned a few methods for estimating PWV 
locally. The purpose of this review was to find out if affine transformation parameters could 
be used to measure PWV. Strain parameters were imaged in time along lateral direction. A 
specific point on the strain waveform corresponding to foot of the diameter wave was 
picked and followed in time. Dividing the distance strain waveform travels by the time 
delay in that distance is expected to result PWV. The estimation method is similar to 
Konofagou’s method [148] however no displacement or velocity estimation was needed. 
Before using strain parameters for estimation local PWV we computed global PWV using 
the conventional wall displacement and velocity profile. Axial displacement at the lower 
wall was estimated using 2D phase coupled speckle tracking [119]. Figure (5.1) shows 
diameter, axial displacement and velocity profiles of the lower wall. 
Axial velocity of the lower wall is computed, multiplying the displacement by inverse of 
frame rate. A median filter with size of 0.1 mm by 1.45 mm in axial and lateral directions 
respectively was used to reduce the noise the noise and outliers in displacements. Since 
axial velocity follows exactly the same pattern as distension waveform, it can be used for 
PWV estimation as well. In order to do the calculation, the foot of velocity wave, which is 
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the time instance with minimum scatterer reflections must be found. Otherwise the 
superposition of reflections with the PW will result inaccurate velocity measurements 
[149].  
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Figure (5.1) Carotid Artery Diameter Change (Top) 
Axial Displacement on the lower wall in (μm) 
(Middle) Lower Wall Axial Velocity (m/s) (Bottom) 
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There are different approaches for identifying foot of the wave. We assumed it to be at the 
inflection point (second order derivative zero) on the distension wave [150]. The time of 
occurrence of the foot of wave was plotted versus the lateral traveled distance. Linear 
regression of the resulting points can determine the ratio of lateral distance to time of travel 
(inverse of slope of regression line). 
 
 
PWV from the above regression was estimated to be about -1.92 m/s. The negative sign 
indicates the direction of velocity wave propagation. 
PWV at some different points other than the foot of 3rd cycle systole were also calculated 
for comparison. Table 1 shows these values. 
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Figure (5.2) Linear Regression for Foot of the Wave and 3rd Cycle 
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PWV at peak of 2nd systole (v1)              (m/sec) -
6.0417 
PWV at diastole of 2nd cycle before dicrotic notch 
(v2) (m/sec) 
1.1722 
PWV at 20% of systole of 3rd cycle (v3) (m/sec) -4.005 
PWV at foot of systole of 3rd cycle  (v4) (m/sec) -3.40 
PWV at foot of systole of 2nd cycle (v5)  (m/sec) -2.30 
PWV at foot of systole of 4th cycle (v6)   (m/sec) -2.941 
Table (5.1) Table 
1: Pulse wave 
propagation at 
different stages 
of 3 heart cycles. 
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Figure (5.3) Different time instances picked for PWV with 
regards to change of diameter (heart cycle) in table 1 
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Performing the same procedure on diameter waveforms will result approximately the same 
PWV values: 
 
PWV at diastole of 1st cycle after dicrotic notch    
(m/sec) 
-0.1715 
PWV at foot of the wave at systole of 2nd cycle     
(m/sec) 
1.39 
PWV 20% from the beginning of systole 3rd 
cycle (m/sec) 
2.5424 
 
From the above calculations PWV is estimated to be 2.76 ± 0.9 m/sec. 
After testing velocity and diameter waveforms for PWV estimation, axial strain parameter 
(exz).  Spatiotemporal profile of strain was plotted and the same procedure was followed to 
estimate PWV. The measurement was performed at the beginning of second heart cycle, 
i.e. beginning of systole.  
Outliers were removed from exz by a 5x5 median filter followed by a running average. 
 
 
 
Table (5.2) 
Pulse wave 
propagation 
at different 
stages of 3 
heart cycles. 
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Figure (5.4.b) Linear Regression of the points along the beginning of second 
systole. Time vs. distance propagation of pulse wave in normal carotid artery. 
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PWV can be obtained from above linear regression as the inverse of slope of the line. The 
result from above figure is about 2.5424 m/s which is in agreement with previous results 
from displacement and diameter waveforms. 
It should be noted that beam sweeping affects pulse wave travel time. Neglecting this delay 
will result underestimating travel velocity [148]. 
According to [148] frame rates of lower than 1000 Hz do not give accurate results for PWV 
measurement and frame rates above 1000 Hz don’t gain much. Furthermore, the width of 
the probe sweeps about 1.4 cm laterally which due to large wavelength of pulse wave and 
speed of the wave may not be enough accurate estimation of local PWV. Therefore, the 
estimated value can be accounted for as a mean value. However, the above estimation 
shows, under suitable conditions in terms of frame rate and frame length, i.e. improved 
data quality, local PWV can be estimated with high accuracy.  
 
5.3 Wall Shear Stress (WSS) and Wall Shear Rate (WSR) Measurements 
In an elastic straight tube, non-pulsatile flow velocity is not the same at different points of 
tube cross section. Flow velocity is largest at the center of lumen and decreases as flow 
profile becomes closer to the walls of tube/vessel. This kind of flow behavior results a 
parabolic profile referred to as “laminar flow” which is mostly caused by friction forces 
between different layers of flow as well as between flow and vessel walls [151]. Different 
forces drive blood flow in body. One is the pressure gradient force and the other, 
gravitational forces such as friction between different layers of blood flow. Pressure 
difference at different points of blood vessel initiates a pressure gradient which is the 
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driving force of flow. In blood vessels pressure and shear force balance each other. 
Tangential blood force as a result of blood movement across the wall is called wall shear 
stress (WSS) and is a function of blood velocity gradient near the wall of vessel. Since 
magnitude of WSS is proportional to inverse of cubed radius of artery, a small variation in 
radius (diameter) can largely effect variation of WSS [152]. However, arterial mean shear 
stress remains constant. Previous reports have already shown the importance of WSS as a 
contributing factor to development of atherosclerosis [153] [154].  
One way of calculating WSS requires the knowledge of diameter of vessel and pressure 
induced by blood flow at the walls. 
 
                                  𝑊𝑆𝑆 = 𝜏𝑤 =
𝑎
2⁄ .  
𝜕𝑝
𝜕𝑥
 
(5.4) 
Where “a” is vessel radius (assuming it remains constant throughout the cycle) and 
𝜕𝑝
𝜕𝑥
 is 
rate of change of pressure per unit length of blood vessel.  
Figure (5.5) shows laminar flow velocity profile in an elastic tube. One characteristic of 
this type of flow is parallel movement of different layers of flow. Flow tends to be 
minimum near the walls and maximum at the center of tube cross section. 
Other method of calculating WSS involves flow velocity and blood viscosity. Although 
flow velocity reduces to small values at vessel walls, its resulting gradient is quite large. 
Gradient of flow velocity close to the walls is called wall shear rate (WSR) and is indicative 
of speed of deformation of flow. 
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Depending on how fast the velocity changes from walls towards the center, WSR will be 
different. 
 
                                        𝑊𝑆𝑅 = 𝛾 =̇  
𝜕𝑣
𝜕𝑟
 
(5.6) 
 
where, v is flow velocity along the vessel axis (measured close to the wall) and r is radial 
(axial) distance. 
 
 
 
 
 
Figure (5.5): Blood velocity profile in a rigid 
straight vessel. Flow has a paraboloid 
distribution being maximum at the center 
of lumen and minimum close to the walls of 
vessel. [175] [151] 
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Based on this formula WSS can be redefined as:     
 
                        𝑊𝑆𝑆 =  𝜇
𝜕𝑣
𝜕𝑟
= 𝜇?̇? (5.7) 
where, 𝜇 is blood viscosity [155]. 
The flow velocity is computed by means of 2D phase coupled speckle tracking explained 
in [119]. The figure below shows how blood viscosity varies in two healthy subjects. In 
the phantom experiment linear scatterers were added to water to mimic blood and its 
behavior. Although the resulting flow cannot completely model blood flow behavior, its 
viscosity can be assumed to be close to that of blood.  Based on figure (4), the viscosity of 
blood mimicking fluid can be assumed close to 3.540x10-3 (Pa.s). 
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Figure (5.6): Wall Shear Rate (Red) and Channel Diameter (Blue). WSR is leading in phase compared to 
the change in diameter. 
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Figure (5.8.a) and (5.8.b) show WSS results from equations (5.5) and (5.7) respectively. 
Based on equation (5.7) WSS can be also be estimated from the flow side of channel instead 
of wall side. Newton’s law of motion dictates that at the boundary of channel wall and 
blood flow, shear stress at both sides would be equal and in opposite direction to allow for 
blood to flow. In our simplified model, viscosity is assumed to be constant, however in 
more complex models it would be a function of pressure wave frequency. 
In order to be able to use any of above equations, simplifying assumptions are needed. 
These assumptions are mainly made because soft tissue configuration is extremely 
complicated and heterogeneous. They allow for utilizing linear relationships regarding the 
material properties of tissue and blood.  
•    At high shear rate (sufficiently large ?̇?) whole blood behaves like Newtonian fluid with 
a constant coefficient of viscosity [156].  
• Normal blood viscosity is assumed to be constant at 37°C in the range between 3x10-3 
to 4x10-3 (Pa.s) 
• 𝜏 =  𝜇𝛾 ,̇ where 𝜏 is shear stress, 𝜇 is viscosity coefficient and 𝛾 ̇  is shear rate. 
Figure (5.7): Blood viscosity curves 
of two healthy males at hematocrit 
45. The dotted line is a constant 
viscosity of 35 milipoise (mp) and 
the blue line shows viscosity of 
water at 10 mp [175].  
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• Shear rate at the wall can be computed (with the assumption of continuity of flow). 
Tissue is linear, elastic and isotropic therefore normal stress and strain can be related to 
each other as 𝛿 = 𝐸𝜀 where σ is the normal stress, E is elasticity modulus (Young’s 
modulus) and ε is normal strain. Furthermore shear stress and shear strain can be related to 
each other as 𝐺 = 𝜏/𝛾 where γ is shear strain and G is shear modulus [157]. 
 
 
 
 
 
 
 
 
 
 
 
 
In order to discuss the validity of aforementioned assumptions, a simple schematic of 
longitudinal view of an elastic tube/vessel with laminar flow is shown in figure (5.9). A 
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(Blue) and Channel Diameter 
(red). WSS increases as diameter 
(flow volume) increases and 
enforces more pressure on the 
walls of vessel. WSS is estimated 
using equation (5) 
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Figure (5.8b): Wall Shear Stress 
(Blue) and Channel Diameter (red). 
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equation (7) i.e. WSR data times 
constant viscosity. WSS follows 
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differential element is selected at the boundary of flow and vessel wall and each region 
covers an equal height of dh. Second law of Newton (balance of forces) is applied to this 
differential element.  
 
 
 
 
 
 
        
Where 𝜏𝑠 and 𝜏𝑓 are shear stresses at the tissue and 
flow side of the element and dA is the area of cross 
section respectively. According to Newton’s second 
law:  𝑚
𝑑𝑣𝑓+𝑠
𝑑𝑡
=  𝐹𝑓 − 𝐹𝑠 (5.8) where m is the mass contained in the region of interest 
(ROI) and 𝑑𝑣𝑓+𝑠 is the mean velocity of the element. Writing the above equation in more 
detail we will have:
𝑑 𝜌𝑓+ 𝜌𝑠 𝑑𝐴𝑑ℎ𝑣
𝑑𝑡
= (𝜏𝑓 − 𝜏𝑠)𝑑𝐴    where 𝜌𝑓 and 𝜌𝑠 are flow and 
wall tissue density respectively. 
Simplifying and rearranging the above equation we will have:                                                                        
 𝜌𝑓 + 𝜌𝑠 
𝑑(𝑑ℎ𝑣)
𝑑𝑡
= (𝜏𝑓 − 𝜏𝑠) 
Ff 
dh 
dh 
F
s
 
Figure (5.9): Longitudinal 
view of an elastic tube 
with laminar flow. The 
region of interest (ROI) is 
showed as dashed 
rectangle. 
 
𝐹𝑠 = 𝜏𝑠. 𝑑𝐴 
𝐹𝑓 = 𝜏𝑓 . 𝑑𝐴 
𝜏𝑠 = 𝐺𝑆𝑥𝑟 
𝜏𝑓 =  𝜇
𝜕𝑣𝑥
𝜕𝑟
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Since this is a differential element 𝑑ℎ → 0 and therefore 
𝑑(𝑑ℎ𝑣) 
𝑑𝑡
→ 0 
Eventually  𝜏𝑓 = 𝜏𝑠  (5.9) 
Therefore, shear stress at flow and tissue side must be equal in magnitude. However, 
according to figure (5.8) there are some discrepancies. It must be emphasized that the above 
conclusion is made possible by simplifying assumptions which may not be fully met in 
practical systems such as our experiment. 
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Chapter 6 
 
Conclusion and Future Work 
 
6.1 Conclusion 
Our goal in this thesis was to introduce a new method to enable direct estimation of strain 
parameters on common carotid artery wall and to show the feasibility of direct estimation.  
Mathematical tools governing the relations in this method were autocorrelation function, 
affine transformation and scaling property of Fourier transform. Analytic nature of 
ultrasound signals allowed for utilizing mentioned tools, i.e. to compare the autocorrelation 
of non-deformed and deformed windows to find normal and shear strains as elements of 
an affine transformation matrix.  
To the best of author’s knowledge, never have all four strain parameters been estimated 
simultaneously and without the use of spatial gradients of displacements. 
The proposed method showed good accuracy and satisfactory results in both in vitro and 
in vivo studies, however approximation of absolute error was not possible due to lack of 
ground truth case. 
To best our knowledge no group has yet estimated all four strain parameters. Most of 
studies in this field are made possible with the assumption of an ideal blood vessel, which 
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is elasticity, incompressibility, cylindrical orthotropicity and regional homogeneity [158]. 
These studies focus on radial and circumferential strains or lateral and lateral shear strains. 
Due to incompressibility assumption it is always assumed that shear strains in both 
directions (axial and lateral shear strains) are one and the same. However, wall tissue has 
a complicated structure and under large physiological deformations can behave differently. 
Therefore although this is a valid assumption for most physiological conditions of the 
vessel wall cannot be generalized to all strain studies [158]. Furthermore, calcifications 
and stenosis can change the mechanical behavior of the vessel wall and take full 
incompressibility under question. In our research the incompressibility assumption was 
relaxed therefore axial and lateral shear strains could have different values. This makes the 
study of vessel wall mechanical behavior more thorough. Shear values are not necessarily 
the same in all directions. This would also open a window to atherosclerosis studies to find 
out small deformations at the onset of disease.  
 
6.2 Future Work 
6.2.1 3D estimation of deformation parameters 
In order to bring down the number of unknowns in the strain estimation optimization 
problem and to conform with imaging capabilities of clinical ultrasound machine available 
for this research few simplifying assumptions were made, among which limiting motion 
only to two dimensions. In other words, it was assumed that there is no out of plane motion 
of speckles. However, the random nature of speckle motion makes it quite capable of 3D 
motion. Due to this simplifying assumption some speckles will not be fully tracked 
resulting decorrelation and error in displacement and strain estimations. Having the 
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capability to follow deformation in all directions will lead to more accurate methods for 
strain estimation which in turn means more accurate diagnoses of arterial stiffness or other 
abnormalities at the wall of vessels.  
6.2.2 Pathological Studies  
The in vivo used for validation of our method was taken from healthy subjects. In the in 
vitro experiment also the phantom was mimicking a healthy artery without any 
calcifications or stenosis on the walls. Based on the accuracy of our proposed method we 
hypothesize that direct strain estimation method is capable of detecting pathological 
changes in the blood vessel wall. It is known that changes in the vessel walls start long 
before any clinical indications of atherosclerosis. Therefore, improving the specificity of 
this method to be capable to detect small changes in any strain values would be of great 
interest.  
6.2.3 Mechanical Behavior Studies 
Change of each strain parameter can be interpreted in terms of blood flow and pressure at 
different sections of the circulation cycle. Yet studies to fully understand relationship 
between strain parameters and circulation cycle have not been done. Some groups have 
come up with some hypotheses explaining the behavior of lateral and lateral shear strains 
[131] [159]. More focused studies need to be done in order to fully explain the behavior of 
all strain parameters. 
6.2.4 Simultaneous study of wall motion and blood flow parameters 
Our group among few others have measured blood flow and wall motion simultaneously 
[160] [161] [162] [163]. Blood flow studies due to low intensity of ultrasound images 
inside the lumen are more difficult than studies of wall parameters. Theoretically, knowing 
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all strain parameters of the wall shear rate at the flow side of the wall can be computed. 
Wall shear stress can also be estimated. Knowing the velocity gradients at the wall of the 
artery without the need to work with flow parameters can be very helpful in determining 
the health state of the artery in terms of atherosclerosis and stiffness. 
 
 
6.2.5 Accuracy Improvement 
For this study calculations were stopped as the optimum strain parameters were obtained.  
However, it is possible to continue the calculations using a recursive method such as a 
Kalman filtering to combine displacement and strain estimation. In this research in order 
to be able to conduct the calculations in Lagrangian coordinates displacements were 
estimated using 2D phase coupled speckle tracking [119] and applied to the wall prior to 
strain calculations. This allowed for doing all autocorrelation kernels to be centered at the 
new origin and eliminated the need for moving the origin of coordinates. Lack of a ground 
truth case study did not make it possible for us to perform an absolute error study. However, 
we know there are errors in the results due to data quantization, interpolation and 
computational limitations. Continuing the calculations further than a one-time 
displacement and strain estimation will substantially reduce the error. This improvement 
will play substantial role in study of small strain changes which occur prior to full 
development of atherosclerosis.  
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